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Abstract

In this report, a simple algorithm for detailed system-level thermal noise analysis is
developed, demonstrated, and verified. This method uses noise-wave theory and noise
covariance matrices to cascade noise and scattering parameters of multiport devices at different
temperatures. This method addresses the effects of return loss, multiport isolation/coupling, and
static temperature differentials between components, and will work in cases where the noise
temperature is at or near the quantum noise limit. An ideal multidevice network will first be
demonstrated to show that this method’s results are consistent with the Friis cascade when
component parameters such as return loss and isolation are ideal. Following the ideal
multidevice example, a cryogenic experiment is conducted to demonstrate that the proposed
simulation method is successful when real data are used.
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Figure 1. Noise-wave theory matrix schematic for a generic two-port device. Incoming
(a1, a2) and outgoing (b1, b2) waves are shown. Internal noise sources (c+,
c2) are shown. Subscripts 1 and 2 denote port numbers. ........c.cccccoviiiiiiiiinieieins 4

Figure 2. lllustration of a general embedded multiport network. Ssys and Csys represent
the scattering and noise covariance matrices for the overall system
network. Submatrices of Ssys and Csys are shown where the subscript
‘e” and “i” denote “external’ and “internal” connections respectively. An
embedded device is represented by scattering and noise covariance
matrices K and CK which only connects to elements within the system
network. The entire network is described externally by net scattering and

net noise covariance matrices, Snet and Cnet.................ccoeveeeieeiceeiiiiiiiiieeeeeeee, 5

Figure 3. Re-envisioning the embedded multiport network Kii as a lossless network
connecting an arbitrary number of multiport devices represented as a total
network Snet. Here we use letters in the superscript (e.g., Sx, Cx) to
differentiate deVICES. ......oovii i 7

Figure 4. Step-by-step outline of process to create the permutation matrix. In this
example, two (two-port) devices are cascaded together. Port 2 of the first
device is connected to port 1 of the second device. The system port
numbers are labeled with pn. The dotted line in the permutation matrix P

Introduction 1
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separates between external and internal ports. The gray box highlights
the internal port €lemMENTS. ... 9

Figure 5. Noise temperature as a function of physical temperature. Black solid lines
represent the noise temperatures from Nyquist theorem of Callen and
Welton at different frequencies. The dashed (blue) line represents the
noise temperature from the Rayleigh-Jeans approximation (Tpnys = Thoise)-«-.-.---. 11

Figure 6. (Top) Schematic of a multinetwork system with an ideal circulator and
attenuator. (Middle, Bottom) Multinetwork matrices, Ssys’” , K’ , and P,
for the circulator-attenuator system. System ports (p1 — 5) have been
called out at the rows and columns of matrices. The dotted line in the
permutation matrix P separates between external and internal ports. The
gray box highlights the internal port elements........cccccccviiiiiiee 12

Figure 7. Schematic of circulator-attenuator multinetwork system (condensed version).
Only external ports (1-3) are recognized and shown. Gray arrows
represent the direction of transmission for the noise temperature (T1- 3)
calculation at @acCh POIt. ..o 14

Figure 8. Schematic of demo cryogenic experiment. Three 20 dB attenuators (Bluefors
CRYO attenuator) are shown in the load path at 10 mK, 85 mK, 3 K. The
cryogenic high-electron-mobility transistor (HEMT) amplifier (LNF-
LNC.3_14A (LNF-LNCO0.3_14A 2016)) is at 3 K in the common path.
Dashed lines represent common thermal stages. Black blocks represent
SMA connection on each thermal stage (bulkhead on flanges). Receiver
box contains room temperature electronics, four filters (MC 15542 VBFZ-
4000-s+ (VBFZ-4000-S+ 2017)), and three amplifiers (ZX60-83LN-S+
(ZX60-83LN-S+ 2017)). Gray arrows are connecting thermal stages in the
schematic to corresponding parts in the insert picture (right)......c...ccccceveviiiinnnns 17

Figure 9. Insertion loss (|S12|) as a function of frequency for the load path. Measured
data (gray solid line), simulated result with 10 mK circulator data (black
dashed line), and simulated result with 290 K circulator data (black dash-
dot line) are shown. Model dependence on circulator temperature can be
seen. Simulated result with 10 mK circulator data exhibits better
agreement with the measured data. Simulated result with 290 K circulator
data appears to have about 300 MHz shifted compared to the measured
(o 1= = JR PP URTR 18

Figure 10. Insertion loss (] S12|) as a function of frequency plots. Simulated results and
measured values are compared for short path (left) and load path (right).
Measured data are in gray solid lines and simulated results are in black
dashed lINES. ... 19

Figure 11. Power spectral density as a function of frequency as seen at the input to the
spectrum analyzer. Both short path (measured in gray solid line and
simulated in gray dashed line) and load path (measured in black solid line
and simulated in black dotted line) are presented. ..........ccccoeiiiiiniinniccnies 20
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1.0 Introduction

Noise-wave theory, first introduced in 1981 (Hecken 1981), provides a reliable way to
account for thermal noise in both passive (Garcia-Garcia 2004), (Wedge and Rutledge 1991)
and active components (Wedge and Rutledge 1992). Noise-wave analysis builds upon the more
familiar voltage scattering parameters (s-parameters) to describe a noise model for microwave
devices, a powerful concept for analyzing noise in linear circuits.

This work describes how multiport noise waves can be easily cascaded, like s-parameters.
We present a general case of the embedded element method for noise waves (Wedge and
Rutledge 1991), (Dobrowolski 2016) to develop a simple algorithm that cascades multiport noise
matrices while simultaneously solving for the system s-parameters. This method is helpful in
multiport systems analysis and is particularly useful for complicated networks of passive and
active devices in a system whose components span a range of static temperatures.
Furthermore, the proposed method also accounts for the quantum-limited noise floor imposed
by uncertainty principle.

This high-level algorithm is intended to aid a systems engineer in modeling and analyzing
the effects of component return loss and isolation near the thermal noise floor without relying on
a Friis cascade approximation (Friis 1944) which assumes two ports and highly isolated
components.

Introduction 3
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2.0 General Theory for Cascading Multiport Parameters

Though the principles are extensible to multiport devices, the classic example of noise-wave
theory is demonstrated featuring a two-port device, shown in Fig. 1. While incoming waves (ay,
a») originate from an external stimulus, (b+, b2) are a combination of reflected noise from a4 and
az and internal noise sources at each port (¢4, ¢2). Noise sources (c1, ¢2) are used to
describe internally generated noise within the device. These noise sources can represent
thermal noise as well as other linear noise sources (like shot noise) emanating from within a
device. These internal sources, together with interaction from external noise sources as
described by s-parameters, fully describe the outgoing and incoming noise waves.

bi] _ [S11 512] a, €1
bz] - 521 522 [az] + [Cz] (1)
where the S;; are the s-parameters. Or in a more abstract form,

b=Sa+c. (2)

When the noise sources ¢1 and c¢; are not independent of each other, the noise covariance
matrix is needed. Therefore, it is advantageous to define the noise covariance matrix €. This
matrix describes the correlation between the noise source at each port relative to every other

port. The two-port example of the noise covariance matrix C is shown in (3).
— 1. . .. 2 t
¢ =cct=| . |[e/t et [ lo1l” ¢ 022] (3)
2 c2cqT e

where ¢ is the noise source vector [2] from (1), T is the Hermitian conjugate operator, and the
bar indicates the time average. Diagonal elements in the noise covariance matrix C—later
shown to be particularly useful for calculating the noise temperature and noise figure—represent
the noise (over a 1 Hz bandwidth) that is present when the respective port is terminated by a
perfectly matched and noiseless termination. The off-diagonal pairs provide information about
the correlation between noise sources at each port. The noise covariance matrix is typically
symmetric meaning that repeated information is carried in half the off-diagonal entries
(conjugate of each other). An off-diagonal entry of zero indicates no correlation between the two
ports. The following sections will build upon this theory and the noise covariance matrix C.

aiq az
_) ‘_
fo¥ b,
' two-port '

>~ —_—— e

Figure 1. Noise-wave theory matrix schematic for a generic two-port device. Incoming (a+, a2)
and outgoing (b1, b2) waves are shown. Internal noise sources (c1, ¢2) are shown. Subscripts 1
and 2 denote port numbers.

General Theory for Cascading Multiport Parameters 4
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Ssys’ Ccrs
e | where. 7 N\
[~ Qusps SVS
Snet Ssys - S"" S"i
Cnet Ssyv S\»\‘.&'
| Pie i K, Cx
>~ = —
—[feieiveic)
cr=|
T3
L cc, CC; \ /

Figure 2. lllustration of a general embedded multiport network. $575 and €5 represent the
scattering and noise covariance matrices for the overall system network. Submatrices of §57$
and €*Y* are shown where the subscript “€” and “i” denote “external” and “internal” connections
respectively. An embedded device is represented by scattering and noise covariance matrices
K and Cgk which only connect to elements within the system network. The entire network is
described externally by net scattering and net noise covariance matrices, $™¢t and C™¢t.

Here, we extend this theory to encompass a multiport solution. To do this, we use the
solution to an embedded multiport problem (Garcia-Garcia 2004), (Wedge and Rutledge 1992)
as shown in Fig. 2. The embedded multiport network approach assumes that the scattering
matrix $5Y% and noise covariance matrix C5Y* are ordered into external and internal submatrices.
The dimension of K, the embedded scattering matrix, is the same as $S. The matrix K is
ordered—internal and external ports—identically to $5Y5. K is an ordered version of the
connection matrix described in (Dobrowolski 2016).

K;; is the internal-to-internal submatrix of matrix K. In every case only the submatrix K;; will
be populated. The other submatrices of K (K,., K;., and K,;) are null (zero) matrices for the
purpose of this algorithm.

The §$575 and €57° are shown in detail below where the subscript “e” indicates an external
connection and the subscript “i” denotes an internal connection within the system network.
Although they are comparable to the two-port example in Section I, these matrices have been
reordered, as described here.

b=S5Ya+c 4)
SSyS SS:'VS a c
[l =[sse So )+ [ ©
i S; S a; Ci
Le 143
- T T
cys =cof = | % Cefi | (6)
Cng CiClT

The general embedded network problem has a known solution for the net noise covariance
matrix C™¢ and a solution for the net s-parameters $™¢t shown here, summarized in (Wedge
and Rutledge 1991) and (Dobrowolski 2016):

A=5I—-K;S;)™ ! (7)

General Theory for Cascading Multiport Parameters 5



PNNL-33284

CnEt = ACKAT + [IlAKii]Csys[IlAKii]T (8)
snet — SZﬁs + AKiiS?z’s 9)

where I is the identity matrix, Ck is the noise covariance matrix of the embedded element, and |
is the augmented matrix operator.

Equations (5)—(9) provide a complete solution for the classic embedded network noise
analysis problem. We will use this solution as a basis for a method that will allow the analysis of
an arbitrary collection of linear multiport devices.

It is beneficial to conceptualize the system multiport network (857, €5Y%) as a network of
arbitrary multiport devices, each with an arbitrary number of ports as depicted in Fig. 3. These
arbitrary multiport devices can have connections either outside the embedded multiport or can
interface with each other through the embedded scattering and noise covariance matrices (K;;,
Cx). Our algorithm will assume that any port not identified as interfacing to the embedded matrix
pair is automatically assumed to be an external port of the net multiport system (s™¢t, C™¢t).

We then define the embedded device represented by matrices (K;;, Cx) as a s-parameter
and noise network of lossless, passive, and noiseless two-port devices. These devices serve to
define lossless, matched connections between ports contained in the multinetwork collection
$5Y% and €5Y° seen in Fig. 3. Because the embedded network K;; is defined as perfectly
matched, it must also have zeros along the diagonal. Knowing that K;; represents a collection of
lossless two-port devices, it can be interpreted as a symmetric matrix of only ones and zeros.
The ones define where port connections occur between devices in the multidevice network
represented by §5YS and €575. Defining the embedded network as a noiseless system causes
Ck = 0. Then we can rewrite (8) as

cet = [1|1AK ;]1C75[11AK ;] (10)

It should be noted that eq. (10) is an expanded case of (Wedge and Rutledge 1991),
(Dobrowolski 2016) where Ck has been eliminated. This case allows for easy cascading for
large systems of sub-matrices.

As a path to a more intuitive understanding of the derivation of $™¢¢, the expression AK;; in
(9) is equal to the inverse of the connection scattering matrix W;; found in (Dobrowolski 2016) if
we abide by our stipulations on K;.

Wi=K;-57" (11)

st = S22 ST Wi ST (12

We now have the foundation for an algorithm that allows the cascading of arbitrary multiport
networks of any size using (7), (10), (11), and
(12).

General Theory for Cascading Multiport Parameters 6
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Figure 3. Re-envisioning the embedded multiport network K;; as a lossless network connecting
an arbitrary number of multiport devices represented as a total network $™¢t. Here we use

letters in the superscript (e.g., $*, €*¥) to differentiate devices.

General Theory for Cascading Multiport Parameters
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3.0 Noise and S-parameter Cascade Algorithm

To cascade the scattering and noise parameters of multiple devices using this method, you
must first assume that each device you plan to add to the multidevice network $%Y* and C%Y* has
a known scattering matrix (set of s-parameters) and a noise covariance matrix associated with
it. Once these parameters are known for each device in your system, the following method will
yield the solution for any multiport system consisting of these devices.

3.1 List Components in Diagonal Matrices $°75' and C**'

First, a diagonal matrix is formed with the components in the multiport network. We will call
these matrices $57%' and €*YS'. The prime denotes that the matrices have not yet been ordered
by their external and internal connections. The matrices added to the diagonal of 75" are the
individual s-parameters of each device contained in the multiport system. A device can be of
any size (number of ports) and these multiport devices can be added to $5¥5" in any order. The
same method is used for €5¥5'. The order in which devices are added to the diagonals must be

the same between $5¥" and €*¥%'. In (13) and (14), the superscript denotes a
device, numbered 1-n, and the subscript denotes the scattering matrices for arbitrary ports 1-n.
[S*11  St'in
: : 0 0
51n1 Slnn
SSys! = 0 0 (1 3)
SNll \) in
0 0 :
SNTLI SNnn
C 11 Clln
: 0 0
Clnl ’ Clnn
CcSYs' = 0 0 (14)
CN11 CNln
0 0 [ : : ]
Can CNnn

3.2 Define Unsorted Connection Matrix K’

Matrices $5Y5" and €5”%' cannot be ordered without first defining how the devices are to be
connected. The connection matrix K’ is created to describe the internal connections between

devices within the multiport matrix $ss'_The connection matrix ports (ports 1-n) are defined by
the order in which individual device s-parameters were entered in the sparse matrix $575' from
the previous step in section 3.1. Any port that is not designated as an internal connection in this
matrix K’ will be considered an external port. The diagonals of K’ must be symmetric, and an
entry of one in the matrix indicates a connection between the column port and the row port
where that one occurs.

Noise and S-parameter Cascade Algorithm 8
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Step 1 Step 2
/ P P ( | \
[Sil Sh] 0 0 mo o 0 0
1
S3 Sll 0 0
Ssys’: 21 22 Kf= P2 0 0 ® 0
0 0 |:S§] ng] ps [0 D 0 0
0 0 551 Sp ps LO 0O 0 O
Y 2
KStep3 \\
P P2 P3 P4 pP1 P2 Pz Pa
pp 1l 0 0 0 p1 [1 0 0 0}
7= P2 0 1 0 0 - p— P4 0 0 0 1
ps [0 0 1 0 P2 {0 IR OJ
pe LO 0O O 1 ps LO 0 10
. J

Figure 4. Step-by-step outline of process to create the permutation matrix. In this example, two

(two-port) devices are cascaded together. Port 2 of the first device is connected to port 1 of the

second device. The system port numbers are labeled with p,,. The dotted line in the permutation

matrix P separates between external and internal ports. The gray box highlights the internal port
elements.

3.3 Define Permutation Matrix P

Once the connection matrix K’ is formed, a permutation matrix can be created. This matrix
will be used to form $5Y5" and €*Y5' into ordered subarrays $7S and €5Y5.The permutation matrix
specifying all internal and external connections can be visualized as selecting rows from the
identity matrix (with dimensions equal to the matrices $57" and €*Y5') that correspond to the
ports where connections are made in the connection matrix K'. These rows are then designated
as internal connections with subscript “i.” The remaining rows of the identity matrix are then
automatically designated as external ports with subscript “e.” Fig. 4 shows an example of this
activity with two two-port devices in the diagonal matrix $57%'. The permutation matrix P is then
used to yield an ordered matrix. $5Y for example, as defined in  (5), is derived by multiplying
matrix P by $5Y5" and the transpose of P as in (Randa 2001)Error! Reference source not
found..

Sys sys
sovs = psoys pr = |ee e (15)
Siseys Sl_siys

The permutation matrix P can be separated into submatrices as well. For the example in Fig.
4, the permutation matrix P can be split into submatrices P, and P;, as seen in

Noise and S-parameter Cascade Algorithm

(16) and (17) below. Subscript “e” denotes external ports and “”
denotes internal ports.
01 0 0
Pl'_[o 0 1 o] (16)
L 0 0 0
Pe_[o 0 0 1] (7
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These submatrices of the permutation matrix can be used to isolate only the submatrix of
interest for a given calculation. Use of the permutation matrix is outlined in the next section,

where examples are given.

3.4 Order Matrices for Calculation

In section 0, we defined the permutation submatrices
(17) and their transposes. In this section, we use these permutation submatrices to
rearrange the diagonal matrices $57%', €5Y%', and K' into ordered submatrices needed in (Randa
2001). Here, all variables needed to calculate $™¢t and €™¢ are derived. Below are the
calculations using the permutation matrix to obtain these submatrices called out in

(10):

Sys __ sys! pT
S35 = PSSPl

S0 = PSYS'PT

el

Sys __ sys' pT
§;Y° = P;§%Ys'PT
Sys _ sys' pT
Sii _PiSy Pi

CSYS = PcsyslPT

K = P,K'P]

3.5 Calculate s™¢* and C™¢*

At this point, all the requisite variables have been solved for and all that needs to be done is
to perform the matrix calculations for the simplified equations derived in (7),

(10), (11), and

c"¢t, the system noise covariance and scattering parameters.

Noise and S-parameter Cascade Algorithm

(16) and

(5)-

(18)
(19)
(20)
(21)
(22)

(23)

(12). This will yield solutions for s™¢t and

10
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4.0 Noise Temperature vs. Physical Temperature

In room-temperature analysis of thermal noise, it is often acceptable to use a component’s
physical temperature as the equivalent to noise temperature of a device. This makes the implicit
assumption that hf << kgT, or that the energy of a single photon is much less than the
surrounding black-body thermal noise. This is known as the Rayleigh-Jeans approximation

Proise = ks TB, where T is the physical temperature and kg is Boltzmann’s constant. This is a
very good approximation for most frequencies under 1 THz when at room temperature but not
necessarily true for other cases. This approximation will not hold, for example, in modern
cryogenic systems where the temperature can reach as low as 7-10 mK. At these lower
temperatures, the time averaged noise power will plateau at hf/2ks for a given frequency (see
Fig. 5).

As part of this method, any time a noise temperature T is required for noise calculations, we
must substitute in the noise temperature defined by the Nyquist theorem of Callen and Welton
(Kerr and Randa 2010). This equation is a function of physical temperature and frequency. It will
provide an accurate solution for noise temperatures where the Reyleigh-Jeans approximation
holds as well as conditions where hf =2 ksT (Kerr and Randa 2010), (Kerr, Feldman and Pan
1997).

cw _ " hy
™ = 2kp coth (ZkBT) (24)

1000

. 35.0 GHz _//
8001 ——//

30.0 GHz //
25.0 GHz —

600 7

4001

Noise Temperature (mK)

2001 Tphys = Thoise

0 100 200 300 400 500
Physical Temperature (mK)

Figure 5. Noise temperature as a function of physical temperature. Black solid lines represent
the noise temperatures from Nyquist theorem of Callen and Welton at different frequencies. The
dashed (blue) line represents the noise temperature from the Rayleigh-Jeans approximation

(Tphys = Tnoise)-

Noise Temperature vs. Physical Temperature 11
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5.0 A Simple Example with Ideal Components

In this section we explore a simple multiport problem in detail to give a workable example of
the above method. A different physical temperature will be assumed for the two devices to show
the effect on the noise temperature equations when devices are at the same temperature and
when there is a temperature differential between devices.

Usually, the method outlined in this report would be programmed so that a user could enter
multiple devices into the matrices $5¥S' and €5’ and define a connection matrix K'. The
resulting output would be scattering and noise matrices for the system $™¢t and c™.

For this example, a multidevice network involving a circulator and attenuator will be
considered using the schematic in Fig. 6. We assume the circulator and attenuator are ideal so
that the isolation in the circulator is infinite and the ports of both devices are perfectly matched.
For an ideal circulator and attenuator, the scattering matrices are

0 0 S
Scirc = 521 0 0 (25)
0 S3 O
0 A,
s =[ . (26)
att A21 0
B R PR A L S R == 1
:PorH Port 2 Port 4 Port5:
| ¢ ) ————o |
I K’ |
| I
| |
' Port 3 '
T A I
0 0 S]] 0 0
S 0 0 0 0
geus! 0 Sy 0 0 0
0o 0 0 I
0 0 0 |Ay 0
Pr P2 P33 P4 Ps P1 P2 P3 Pa Ps
pp 0 0 0 0 0 pr 1 0 0 0 0
p2 |0 0 0 @ o0 ps [0 0 0 0 1
K= pl0 0 0 0 ol P=p3|0_0_1 0 _0
pa [0 @O 0 0 0 p. | B0
ps LO 0 0 0 0 pa LSO EO NS0

Figure 6. (Top) Schematic of a multinetwork system with an ideal circulator and attenuator.
(Middle, Bottom) Multinetwork matrices, $5¥5', K’, and P, for the circulator-attenuator system.
System ports (p,_s) have been called out at the rows and columns of matrices. The dotted line
in the permutation matrix P separates between external and internal ports. The gray box
highlights the internal port elements.

Because both devices are passive, Bosma’s Theorem (Bosma 1967) can be used to
calculate the noise covariance matrix C for each device:

A Simple Example with Ideal Components 12
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1- |513|2) 0 0
Ceirc = kg ccz‘fc 0 1- |521|2) 0 (27)
0 0 a- |S32|2)
(1—14121%) 0
C = kgTW [ 28
att Blatt 0 1- |A21|2) (28)

where noise temperatures of the circulator (TS, ) and attenuator (T£Y.,, ), defined by the Nyquist
theorem of Callen and Welton and described in (Wilson 2011), need not be the same.

Once each component has an associated scattering matrix and a noise covariance matrix,
the sparse diagonal matrix $5¥$' is constructed. Devices can be added to $5¥S' in any order. For
this example, we will add the circulator first and then the attenuator, resulting in the sparse
matrices shown in (29) and  (30) below, but we could have entered them in the opposite order.

[0 0 Si3 ]
S12 0 0 Os
§Ys'=10 S35, O (29)
0 Aq,
Os Ay, 0
(1—1531H 0 0
Tael 0 (A—=1Su1®) 0 0s
Csysﬂ 0 0 (1 — [S321%) (30)
1-14551) 0O
0s TCW( 12 ]
att 0 (1-14,11%)

The multiport representation of $5Y5' and €Y' are now complete, but the
attenuator/circulator connection has not yet been defined. The next step is to define how the
ports are to be connected to each other. Then, we must reorder matrix 57’ and €Y%’ according
to how the ports are connected. We can choose how elements are connected by visualizing the
connections we would like to take place within the multinetwork matrix $5¥$’. Each row and
column in $7%' represent a port in the multinetwork system shown in Fig. 6.

In this example, due to the order in which the elements are entered into matrix $55', we
want to connect the circulator (port 2) to one end of the attenuator (port 4).

The permutation matrix P was intentionally ordered with external ports 1, 5, and 3. This is so
that when $™¢t and €™¢t are calculated, port 5 in the multinetwork matrix $575” will end up in the
position corresponding to external port 2 in $™¢t. The external ports can be arbitrarily rearranged
to the user’s benefit using the permutation matrix P. In this example, we rearranged the ports to
match the port convention outlined in Fig. 7. Matrices K’ and P are defined for this example as:

00 0 0O
[0 0 0 1 0]
K'=l0 0 0 0 0 (31)
[O 1 0 0 OJ
0 0 0 0O

A Simple Example with Ideal Components 13
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10 0 0 0
P,=10 0 0 0 1 (32)
001 00
010 0 0
P"_[00010 (33)

Ser, 85, 87°, 8%, Ky;, and A can be calculated using (18)Error! Reference source not

found.—(23). The solution of this set of equations yields:

S"et = 1412521 0 0 (34)

0 0 313]
0 ApS3;; O

Cnet 0 0
cnet — 0 Cnet 0 (35)

0 0 Cnet

where
CIf* = kg Tée (1= 1511%),

C3* = kpTgyelAral? (1 = 152117) + kpTEr (1 — |Ar2]?),

circ

net = kB tt|532|2(1 - |A12|2) + kBTc{:L‘;)C(l - |332|2)'

smet and €™¢t ((34) and (35)) provide the scattering and noise parameters for the schematic
described in Fig. 7. The temperatures T3y, and Tg}; are the noise temperatures defined in (24).
Comparing (25) and Fig. 7 to (34), S™¢t looks just like an S;, only with more attenuation
associated with port 2 as expected. The path from port 3 to port 1 remains unchanged.

The next step is to verify that C™¢t yields the correct noise covariance matrix. If correct,
because the devices used in this example are ideal, the solution should be identical to the Friis
formula for cascading noise temperature. To verify C"¢t, we can calculate the system noise
temperature (in a 1 Hz bandwidth) for each port T;>* (Garcia-Garcia 2004):

TSVS _ CC_T}ii _ el 36
b7 kpsast), kBsnetASnetT}” (36)
i
Port 1 Port 2
Port 3

Figure 7. Schematic of circulator-attenuator multinetwork system (condensed version). Only
external ports (1-3) are recognized and shown. Gray arrows represent the direction of
transmission for the noise temperature (T,_3) calculation at each port.

A Simple Example with Ideal Components 14
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The system noise temperature T;*”* is not related to the physical or noise temperature;
rather, it is a way to express the level of available noise power introduced by the system being

analyzed. The subscript j in (36) denotes the port of interest in the system
under analysis and S is the s-parameters for the device. In our example, S = $™¢¢ for the
analysis in (35)— (37) below.

Calculating the noise temperature for each port we get:

SYs _ mecw 1 _ TSYys

Tl - Tcirc (|513|2 1) - Tcirc 3-1 (37)
sys 1 T‘f%(m : |2_1) sys Tors

T =T, (—m— 1) + el L =75 | i 38
2 CIre \|S,4/2 1S2112 Cre1=2 ° Coppcioz (38)

TCW(—l —1) Sys

SYS _ mecw 1 att\|sz,|? _ 75ys | Teircaoss

37 = Teire (|1‘112|2 B 1) 4127 = Taee + Catt (39)

There are three system noise temperatures that can be calculated, one for each port, whose
paths are defined in Fig. 7 and are derived in (37— (39).

For an ideal system, the noise temperature of a passive two-port device with a noise
temperature TS, .. can be expressed in the form:

T3S  =TW. (L—1) (40)

device

where loss is expressed as a positive number L > 1.

Using the paths traced out in Fig. 7, it can be demonstrated that the system noise
temperature agrees with the Friis cascade for ideal two-port devices shown in Fig. 6 and (38)
and (39).

Sys

TSYS  _ sys + Tdevicez (41)

total = “devicel T G, . .0

This example was performed with perfectly ideal components, and so in this case a two-port
Friis stack-up will also yield an identical solution of this example. When device isolation or return
loss is nonideal, the overall system noise performance can be very different than the Friis
cascade.

A Simple Example with Ideal Components 15
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6.0 Model vs. Measurement Capturing the Thermal
Transitions in a Dilution Refrigerator

Simulated data are used to predict the measurements outlined in this section. For
simulation, scikit-RF (Arsenovic, et al. 2022)—an open-source Python package for RF and
Microwave applications—was used. In particular, the technique described in this report has
been incorporated into a forked branch of scikit-rf (Direen and Grando n.d.). Although many
methods exist (Bosma 1967), (Boglione 2017), (Tong, Grimes and Zeng 2019), (Kanaglekar,
Mclintosh and Bryant 1987), and (Randa 2001) the approach detailed in (Garcia-Garcia 2004)
was used to derive noise parameters. The experiment is set up to illustrate this method for
relevant cryogenic research. Leading-edge research related to superconducting qubits
(Kjaergaard, et al. 2020), microwave quantum sensing (Barzanjeh, et al. 2020), and wave-like
dark matter detection (Du, et al. 2018), (Boutan, et al. 2018), and (Backes, et al. 2021), for
example, relies on the cooling power of a dilution refrigerator to perform sensitive, low-
temperature radio frequency (RF) measurements.

However, unlike connectorized room-temperature RF systems that can be easily tested in
pieces and then assembled for further testing, cryogenic systems are difficult to dissect. There
are several issues that make cryogenic RF measurements challenging. First, components
cannot easily be tested in isolation when cold, leading to de-embedding challenges. Cables,
bulkhead feedthroughs, attenuators, and sometimes more complicated devices are integral to
the measurement, often for shielding reasons. Care must be taken to heavily filter, thermally
sink, and attenuate twisted pair and RF coax wiring at each stage to prevent raising the base
temperature of the refrigerator which has limited cooling power at the bottom stage. In terms of
RF signals, typically signals injected into the refrigerator are attenuated at various thermal
stages (totaling 40—80 dB) to thermalize the coax lines and prevent the mixing chamber stage
from being exposed to 290 K (room temperature) blackbody radiation. RF output signals, which
cannot be attenuated for signal-to-noise reasons, are typically both amplified at low-temperature
stages and sent through well-thermalized isolators and 0 dB attenuators to prevent 290 K
heating propagating backward down the output. Second, components behave differently when
cold. Cables are less lossy, conductors shrink, circulator band-pass frequencies shift, amplifier
biases change, and certain components like superconducting parametric amplifiers do not
operate at room temperature and thus must be measured at cryogenic temperature. Third,
devices within the cryogenic space are often at very different temperature stages, leading to a
complicated cascade of noise sources. Issues like impedance mismatch and device isolation
parameters can make noise analysis difficult across thermal barriers.

These challenges complicate the measurement process and motivate our need for computer
modeling tools for cryogenic RF systems. We claim that the algorithm detailed in this work is
relevant to the above challenges. We devised the experiment illustrated in Fig. 8 to demonstrate
the capabilities of this method in a cryogenic system.

In this experiment, designed to mimic the typical supporting infrastructure needed to operate
a superconducting device, our objective was to perform a difference measurement (similar to a
Y-factor measurement (Wilson 2011)), where a shared amplification stage output (termed the
“‘common” path) would be switched between two nearly identical but intentionally distinct paths.
These two lines, the “short” side and the “load” side, are named after a key asymmetry on the
second port of their input circulators: a short and a 50 Q load.

Model vs. Measurement Capturing the Thermal Transitions in a Dilution Refrigerator 16
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Receiver Box

>> _ Spectrum

Analyzer

T

Common

K
1 Insert Top
40K

Load Load

Figure 8. Schematic of demo cryogenic experiment. Three 20 dB attenuators (Bluefors CRYO
attenuator) are shown in the load path at 10 mK, 85 mK, 3 K. The cryogenic high-electron-
mobility transistor (HEMT) amplifier (LNF-LNC.3_14A (Low Noise Factory 2016)) is at 3 K in the
common path. Dashed lines represent common thermal stages. Black blocks represent SMA
connection on each thermal stage (bulkhead on flanges). Receiver box contains room
temperature electronics, four filters (MC 15542 VBFZ-4000-s+ (Mini-Circuits 2017)), and three
amplifiers (ZX60-83LN-S+ (Mini-Circuits 2017)). Gray arrows are connecting thermal stages in
the schematic to corresponding parts in the insert picture (right).

The only other difference between the paths is 60 dB of attenuation on the load side
distributed across the different thermal stages (20 dB at 10 mK, 85 mK, and 3 K following typical
thermal sinking practices) and no attenuation on the short side (breaking convention). Standard
cryogenic practices recommend placing attenuators on each thermal stage to help thermally tie
the center conductor to each temperature stage. Here, all attenuation was removed on the
"short" path to intentionally exaggerate black-body effects to contrast with the “load” path.

These two key asymmetries were implemented to create a hot/cold system temperature
difference that can be seen by a spectrum analyzer on the amplified output of the common path.
When switched to the “hot” short side, the system temperature will be affected by room
temperature radiation coming down the coax, interacting with the passive devices at different
temperatures, reflecting off the shorted port and up the common path. By contrast, the “cold”
load side will see a much lower system temperature; it should be dominated by 10 mK thermal
noise at the mixing chamber stage. The common path between the two switch ports consisted
of two isolators—added for thermal isolation and preemptively in anticipation of future work

Model vs. Measurement Capturing the Thermal Transitions in a Dilution Refrigerator 17
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using sensitive superconducting RF devices—and a high-electron-mobility transistor (HEMT)
amplifier at 4 K.

For the cascaded model, each component was measured and cascaded using the method
outlined in this report. All passive items (cables, bulkheads, filters, attenuators, etc.) were
measured at room temperature. For cables at temperatures less than 4 K, we used information
provided by Bluefors on cable attenuation at cryogenic temperatures as the loss model
(Bluefors 2021). For the HEMT amplifier, we used the vendor-supplied data along with method
defined in (Garcia-Garcia 2004) to simulate the noise covariance diagonals for all amplifier

ports.

The circulator model was originally constructed using room temperature data. However, a
discrepancy between the full cascaded model and vector network analyzer (VNA) s-parameter
measurements of the experiment revealed a temperature dependent 270 MHz shift caused by
the circulators. To account for this, in a second cryogenic run, circulators were measured at 10
mK and an assumption about cable path symmetry was used to de-embed the circulators
(removing cable effects) to reconstruct a circulator model at base temperature. Fig. 9 illustrates
the impact that circulator temperature has on the response of the entire load side.

A completed cascaded model for both the short and load paths was compared to VNA
measurements where the experiment was toggled between the two paths using a cryogenic
Radiall switch (R577.432.000). Good agreement between measured and simulated results can
be seen in Fig. 10. Both paths are marked by a highly attenuated left shoulder where circulators
fall out of spec below 4 GHz. The short path has an anticipated highly conductive stack-up from
the lack of attenuation while the load side exhibits ripples from the terminated port.

Model Dependence on Circulator Temperature
(Load Path)

hY
.\. s .-\.

[S12] (dB)
4
o
=F
=
#
§
LY
Rl

'l [ v

TP T !j v Measured

----- Simulated; 10 mK circ.
-901 % ——- Simulated; 290 K circ.

20 25 30 35 40 45 50 55 60
Frequency (GHz)

Figure 9. Insertion loss (|S12|) as a function of frequency for the load path. Measured data (gray
solid line), simulated result with 10 mK circulator data (black dashed line), and simulated result
with 290 K circulator data (black dash-dot line) are shown. Model dependence on circulator
temperature can be seen. Simulated result with 10 mK circulator data exhibits better agreement
with the measured data. Simulated result with 290 K circulator data appears to have about 300

MHz shifted compared to the measured data.
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Figure 10. Insertion loss (|S12|) as a function of frequency plots. Simulated results and measured

values are compared for short path (left) and load path (right). Measured data are in gray solid
lines and simulated results are in black dashed lines.

Simulated and measured results are within 2-5 dB as seen in Fig. 10; these errors could be

from many possible sources. One such source is the measurement of the circulators in the
dilution fridge. For the 10 mK circulator data, a series of cables were cascaded together to take

data with room temperature equipment. These cables were subtracted using an s-parameter de-
embedding technique. A cascaded set of RF cables of equal length were looped in through the
dilution fridge and measured separately as a control. Each circulator in the system was

measured separately with a supposedly equal length of cables and then the control cable data
were used as the through- measurement for de-embedding. The technique assumes that these

de-embedding cables are identical in return and insertion losses to those used in the circulator

measurements. This assumption has the potential to yield errors. It is possible that more
detrimental loss errors were introduced when de-embedding the short path than the load path.

Other possible sources of error include unaccounted for adaptors or losses between measuring

individual components and the overall system.

For noise measurements, an extra stage of amplification, labeled “Receiver Box” on the top
of Fig. 8 was added, so the measured thermal noise in the dilution refrigerator would be above
the spectrum analyzer noise floor. For these external amplifiers, we measured the s-parameters

using a VNA along with noise figure data supplied by the vendor to determine the noise
covariance matrix following (Garcia-Garcia 2004). We used filters to prevent the wideband

amplifiers from saturating.
We simulated the expected power spectral density at the input to the spectrum analyzer

using the method outlined in this report and compared to the data measured by the spectrum
analyzer in units of power spectral density (Fig. 11). The spectrum analyzer data were divided
by the resolution bandwidth used for the measurement of the data (1.1 MHz) to arrive at a
power spectral density for comparison. Measurement and simulation results show good
agreement, even in the out-of-band upper tail. This demonstration shows that power spectral
density shape can be predicted by this temperature-dependent method. The noise
measurement does not show the same sensitivity as the error in s-parameters but instead is

more sensitive to thermal variations.
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Figure 11. Power spectral density as a function of frequency as seen at the input to the
spectrum analyzer. Both short path (measured in gray solid line and simulated in gray dashed
line) and load path (measured in black solid line and simulated in black dotted line) are
presented.

Several assumptions about the cables were made to calculate the noise power spectral
density. Unfortunately, all cables were measured at room temperature. The cable losses at or
less than 4 K were reduced by about a factor of two to account for the cryogenic behavior of
cables. Also, the physical temperature of the cables was speculated. This was difficult
considering that the cables were thermally connected to two different thermal plates. The noise
in Fig. 11 can vary considerably based on the assumed temperature of these cryogenic cables.
Though the general outline of the data is consistent, the overall offset in power spectral density
can be affected.

Originally it was assumed that the cable physical temperature was the mean between the
two thermal plates it was attached to, but this approach yielded a power spectral density much
higher than was measured. The plotin Fig. 11 is the result of assuming that each cable’s
physical temperature is equal to the lowest temperature thermal plate it was attached to. More
investigation is needed to provide better physical cable temperatures. It is worth noting that all
other components were well-thermalized and mounted to thermal plates. The temperature
sensors of the respective plates were used in their noise covariance calculations.
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7.0 Future Work

The measurements were designed to verify performance of the algorithm at a preliminary
level. A detailed analysis—proper error and uncertainty analysis like (Randa, Gerecht, et al.
2006)—is left for future work. The simulation performed in the previous section was mostly a
combination of room temperature measurements and information from vendor data sheets. Only
the circulators were measured at 10 mK. The example illustrated that with proper data one can
closely approximate the behavior of a complex multiport system that extends over many
operating temperatures.

Some of the noted sensitivities and errors in the measured versus simulated results suggest
the need for better RF measurement methods for cryogenic components as well as improved
understanding of physical temperature gradients along RF cables and the relationship of that
gradient to the noise temperature.

Future simulation work will focus on developing, improving, and verifying simulated models
for complex active and passive devices operating at cryogenic temperatures. This includes
modeling superconducting cables and circulators, and new devices such as Josephson
parametric amplifiers. Having better simulations of these types of components will aid in better
system-level engineering of future experiments and reduce the need to rely on measured data.
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8.0 Conclusion

In this report we proposed using a noise-wave cascade method for the simulation of noise
parameters and s-parameters of complex multiport cryogenic systems. Though other methods
have also been proposed (Rizzoli and Lipparini 1985), this method seems to be unique in its
approach and simplicity. We outlined the proposed method and presented the algorithm in step-
by-step detail so that the process can be easily coded into an RF CAD program for use in
simulation and modeling.

Measurement and simulation agreed within a reasonable tolerance for use in RF systems
modeling. The measurement also illustrated the potential use of simulation in RF systems that
include cryogenic components.

This report also outlined future work to improve the fidelity of the modeling as well as the
possibility of including future ideal quantum component models into future noise and s-
parameter simulations.

Acknowledgment

The authors are grateful to M. Jones, Dr. VanDevender, Dr. Bunker, and Dr. Smith for
providing advice and encouragement. This research benefited from use of a PNNL dilution
refrigerator, operated under the Chemical Dynamics Initiative. The authors also would like to
thank Dr. Direen for helping to seamlessly integrate the algorithm into the scikit-rf environment
(scikit-rf.org) through a forked branch, allowing for its ease of use in RF simulations used to
generate the plots in this report.

Conclusion 22



PNNL-33284

9.0 References

Arsenovic, Alexander, Julien Hillairet, Jackson Anderson, Henrik Forstén, Vincent Riel3, Michael
Eller, Noah Sauber, Robert Weikle, William Barnhart, and Franz Forstmayr. 2022. "scikit-
rf: An Open Source Python Package for Microwave Network Creation, Analysis, and
Calibration [Speaker’s Corner]." IEEE Microw. Mag. 23 (1): 98-105.
doi:10.1109/MMM.2021.31171389.

Backes, Kelly M, Daniel A Palken, S Al Kenany, Benjamin M Brubaker, SB Cahn, A Droster,
Gene C Hilton, et al. 2021. "A quantum enhanced search for dark matter axions." Nature
590 (7845): 238-242.

Barzanjeh, S., S. Pirandola, D. Vitali, and J. M. Fink. 2020. "Microwave quantum illumination
using a digital receiver." Sci. Adv. 6 (19): eabb0451.

Bluefors. 2021. Bluefors Products. Bluefors. 02 25. Accessed 08 31, 2021.
https://bluefors.com/products/coaxial-wiring/.

Boglione, Luciano. 2017. "Generalized determination of device noise parameters." IEEE Trans.
Microw. Theory Techn. 65 (10): 4014-4025.

Bosma, Hendrik. 1967. On the theory of linear noisy systems. Ph. D. dissertation, Eindhoven,
The Netherlands: Ph. D. dissertation, Dept. Elect. Eng., Eindhoven Univ. Technol.

Boutan, C., M. Jones, B. H. LaRoque, N. S. Oblath, R. Cervantes, N. Du, N. Force, et al. 2018.
"Piezoelectrically Tuned Multimode Cavity Search for Axion Dark Matter." Phys. Rev.
Lett. (American Physical Society) 121 (26): 261302.

Direen, Randal, and Maurio Grando. n.d. rdireen/scikit-rf. Accessed 03 11, 2022.
https://github.com/rdireen/scikit-rf.

Dobrowolski, Janusz A. 2016. Scattering parameters in RF and microwave circuit analysis and
design. 1st. Artech House.

Du, N., N. Force, R. Khatiwada, E. Lentz, R. Ottens, L. J Rosenberg, G. Rybka, et al. 2018.
"Search for invisible axion dark matter with the axion dark matter experiment." Phys.
Rev. Lett. (APS) 120 (15): 151301.

Friis, Harald T. 1944. "Noise figures of radio receivers." Proc. IRE 32 (7): 419-422.

Garcia-Garcia, Q. 2004. "Noise in lossless microwave multiports." Int. J. RF Microw. Compult.-
Aided Eng. 14 (2): 99-110.

Hecken, Rudolf P. 1981. "Analysis of linear noisy two-ports using scattering waves." IEEE
Trans. Microw. Theory Techn. 29 (10): 997-1004.

Kanaglekar, N. G., R. E. McIntosh, and W. E. Bryant. 1987. "Wave analysis of noise in
interconnected multiport networks." IEEE Trans. Microw. Theory Techn. 35 (2): 112-116.

Kerr, Anthony R, and James Randa. 2010. "Thermal noise and noise measurements—A 2010
update." IEEE Microw. Mag. 11 (6): 40-52.

Kerr, Anthony R, Marc J Feldman, and Shing-Kuo Pan. 1997. "Receiver noise temperature, the
quantum noise limit, and the role of the zero-point fluctuations." Proc. 8th Int. Symp.
Space Terahertz Technol. ISSTT. 101-111.

Kjaergaard, Morten, Mollie E. Schwartz, Jochen Braumdiller, Philip Krantz, Joel I.-J. Wang,
Simon Gustavsson, and William D. Oliver. 2020. "Superconducting Qubits: Current State
of Play." Annu. Rev. Condens. Matter Phys. 11 (1): 369-395.

Low Noise Factory. 2016. LNF-LNC0.3_14A. Low Noise Factory. 09. Accessed 09 07, 2022.
https://quantummicrowave.com/wp-content/uploads/2016/10/LNF-LNCO0.3_14A.pdf.

Mini-Circuits. 2017. VBFZ-4000-S+. Mini-Circuits. Accessed 02 15, 2022.
https://www.minicircuits.com/WebStore/dashboard.html?model=VBFZ-4000-S%2B.

Mini-Circuits. 2017. ZX60-83LN-S+. Mini-Circuits. Accessed 02 15, 2022.
https://www.minicircuits.com/WebStore/dashboard.html?model=Z2X60-83LN-S%2B.

References 23



PNNL-33284

Randa, James. 2001. "Noise characterization of multiport amplifiers." IEEE Trans. Microw.
Theory Techn. 49 (10): 1757-1763.

Randa, James, Eyal Gerecht, Dazhen Gu, and Robert L Billinger. 2006. "Precision
measurement method for cryogenic amplifier noise temperatures below 5 K." IEEE trans.
Microw. Theory Techn. 54 (3): 1180-1189.

Rizzoli, V, and A Lipparini. 1985. "Computer-aided noise analysis of linear multiport networks of
arbitrary topology." IEEE Trans. Microw. Theory Techn. 33 (12): 1507-1512.

Tong, C Edward, Paul K Grimes, and Lingzhen Zeng. 2019. "Noise Wave Modeling of an SIS
Mixer and Its IF Circuit Using Tucker's Quantum Theory of Mixing." IEEE Trans. Appl.
Supercond. 29 (5): 1-5.

Wedge, Scott W, and David B Rutledge. 1991. "Noise waves and passive linear multiports."
IEEE Microw. Guided Wave Lett. 1 (5): 117-119.

Wedge, Scott W, and David B Rutledge. 1992. "Wave techniques for noise modeling and
measurement." IEEE Trans. Microw. Theory Techn. (IEEE) 40 (11): 2004-2012.

Wilson, T. L. 2011. "Techniques of Radio Astronomy." Planets Stars Stellar Syst. 2: 283-323.
Accessed 02 15, 2022. https://arxiv.org/abs/1111.1183.

References

24



Pacific Northwest
National Laboratory

902 Battelle Boulevard
P.O. Box 999
Richland, WA 99354

1-888-375-PNNL (7665)

www.pnnl.gov



	Standard Disclaimer no limitations (no adonis).pdf
	PACIFIC NORTHWEST NATIONAL LABORATORY
	email: reports@osti.gov





