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Summary 

The influence of initial carbide particle distribution features on particle fracture and the evolution of 
stringer distribution within an alloy of uranium with 10 weight percent molybdenum during cold rolling 
was investigated in this study. This work will provide guidance to casting optimization work and identify 
actionable process changes to eliminate the surface features directly attributed to carbides. In a previous 
study, various synthetic microstructure-based finite-element (FE) models were generated with 
consideration of different parameters (i.e., particle shape, particle volume fraction, and particle 
distribution), and used to examine the effects of hot rolling on the microstructure evolution. In this study, 
microstructures after ~80% hot rolling were used as the initial microstructures for the subsequent cold 
rolling simulation. Plane-strain compression loading was employed in the FE models to simulate cold 
rolling with reductions from ~80% to ~94%. Stringer analyses with the consideration of particle fracture 
were then performed with the simulated cold rolling results.  

The results of void evolution analyses show that microstructures with elliptical particles incorporate a 
much larger (almost double) void volume fraction than those with circular particles, indicating that the 
elliptical particles are fractured more easily than the circular ones. The results from the fracture mode 
analyses show that, under the adopted simple compression loading assumption, almost all the particles 
(i.e., >99%) were fractured by tensile separation. The results of stringer analyses show that, during cold 
rolling, the stringer volume fractions increase substantially due to the particle fracture, especially for the 
microstructures with the elliptical particles, and that the stringer volume fractions from stringers 
comprising many particles tend to increase faster. The maximum stringer lengths for the microstructures 
with circular particles tend to remain constant or decrease during cold rolling, whereas those for elliptical 
particles tend to slightly increase after a slight decrease. The number of particles at the surface increases 
very rapidly due to particle fracture during cold rolling.  
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1.0 Introduction 

Since the 1980s, the U.S. Department of Energy’s United States High Performance Research Reactor 
Conversion Program has investigated low-enriched uranium (LEU) as an alternative to highly enriched 
uranium. Because of its high density and favorable performance during fabrication and irradiation, 
uranium alloyed with 10 weight percent (wt%) molybdenum (U-10Mo) has been identified as the most 
promising candidate LEU fuel (Snelgrove et al. 1997; Meyer et al. 2002; Burkes et al. 2010). U-10Mo 
alloy fabrication involves a complex series of material processing steps, including casting, 
homogenization, hot roll bonding of a zirconium interlayer, cold rolling, annealing, and hot isostatic 
pressing (Sease et al. 2007). Various analysis and modeling methods have been developed for many of 
these individual processes (Devaraj et al. 2016; Xu et al. 2016; Jana et al. 2017; Soulami et al. 2017). 

Generally, the as-cast U10Mo alloys include second-phase carbide particles in the matrix. Hot rolling and 
cold rolling are then performed to reduce the thickness of as-cast alloys, improve their strength, and 
optimize their microstructures. During such processing, the particles in the initial microstructures are 
likely to align along the rolling direction and form clustered particles, or stringers (Snelgrove et al. 1997; 
Meyer et al. 2002; Burkes et al. 2010). The stringers or stringer-type particle clusters provide a possible 
propagation path for cracks or fractures, which reduce the material’s resistance to damage (Hannard et al. 
2017; Cheng et al. 2018).  

Hu et al. (Hu et al. 2009; Hu et al. 2010; Hu et al. 2011) studied the correlation between particle volume 
fraction (PVF), stringer volume fraction (SVF), and stringer length in aluminum alloys by generating 
microstructure-based finite-element (FE) models, and they elucidated the effects of stringers on the local 
fracture strain. Recently, Cheng et al. (Cheng et al. 2018) investigated the effect of secondary carbide 
particles and stringers on the microstructural evolution of U10Mo alloys after rolling and recrystallization 
using actual microstructure-based FE models. Six material samples were selected for their study, which 
may not provide enough information on the influence of particle distribution features on the 
microstructural evolution during rolling.  

As presented in Cheng et al. (Cheng et al. 2018), the particle sizes, distribution, and volume fractions in 
U10Mo alloys can be quite different depending on their thermomechanical processing, and the final 
carbide particle distributions can have direct effects on the fuel performance. It is therefore important to 
control the particle behavior in the initial microstructures to obtain the desired material performance after 
hot rolling (Allison et al. 2006; Nyberg et al. 2013; Joshi et al. 2015a; Joshi et al. 2015b; Hu et al. 2016). 
This requires fundamental understanding of the general influence of initial microstructural features on the 
microstructural evolution during subsequent fabrication processes. 

In a previous report (Choi et al. 2018), the influence of initial carbide particle distribution features on the 
evolution of particle and stringer distribution within a U10Mo alloy during hot rolling was investigated 
using synthetic microstructure-based FE models. In the current report, cold rolling is subsequently applied 
to the resulting microstructures after hot rolling in order to examine the effects of initial microstructural 
features on the final microstructures after the entire hot/cold rolling process, with consideration of carbide 
particle fracture. For this purpose, a 2D version of Griffith’s fracture criterion was first selected to 
describe the brittle fracture of carbide particles during cold rolling. Material parameters were then 
calibrated based on comparison of the results of simulation and experiment. The plane-strain compression 
loading condition was employed to simulate the cold rolling process. Stringer statistics analyses were then 
performed on the simulated results of cold rolling. SVFs and maximum stringer lengths during cold 
rolling were compared among the models with different initial microstructural features. Evolution of 
surface particle distributions during cold rolling were also examined. Finally, conclusions based on the 
results of these investigations were made.  
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2.0 Finite-Element Modeling 

2.1 Model Description 

Three different U10Mo samples with varied carbide particle concentrations, distributions, and sizes were 
used in our previous study to obtain the average features of the particle size and its distribution (Choi et 
al. 2018). Figure 1 shows scanning electron microscopy (SEM) images of the three samples; each image 
presents a 1200 µm (width) by 900 µm (height) region in the as-cast and homogenized alloys (Cheng et 
al. 2018) (Wang et al. 2017; Cheng et al. 2018). The bright regions are the individual U10Mo grains and 
the dark spots are carbide particles. The detailed processing/history of the samples can be found in a 
report by Nyberg et al.(Nyberg et al. 2013; Joshi et al. 2016). As shown in Figure 1, the volume fractions, 
sizes, morphologies, and distributions of particles are quite different among the samples because they 
have different compositions and heat treatment parameters. The carbide particles can be fractured during 
the rolling process, especially during the cold rolling process. Figure 2 shows an example SEM image of 
fractured carbide particles observed in U10Mo samples. Because the fractured carbide particles can be an 
important origin of a material’s mechanical failure, it is desirable to understand the distribution of 
fractured particles and their fracture mechanism.  

Image analyses, based on in-house MATLAB codes, were conducted to calculate the particle size 
distributions within the three samples. Figure 3 shows the particle size distributions in the form of 
probability density functions. As shown in the figure, the samples appeared to have similar particle size 
distributions: small particles (i.e., radius ≲3 µm) are dominant, with far fewer large particles. The 
calculated particle size distributions were approximated using the log-normal distribution in our previous 
report (Choi et al. 2018). The approximate log-normal distribution is also plotted in Figure 3, and captures 
well the overall particle size distribution features of the three samples.  

With the approximated log-normal particle size distribution, a few different parameters are additionally 
considered in generating synthetic microstructures in the previous report (Choi et al. 2018). These 
additional parameters are three different PVFs (0.5, 1.0, and 2.0%), two different particle shapes (circular 
and elliptical), and two different particle distributions (random and along grain boundaries) as listed in 
Table 1. Twelve different microstructural features can be generated based on the variations of parameters 
listed in Table 1. A MATLAB code was developed to generate the synthetic microstructures based on the 
features in the table. The detailed descriptions on the generation of synthetic microstructures are referred 
to the previous report (Choi et al. 2018).  

   
 (a) (b) (c) 

Figure 1. SEM images showing the initial cast, homogenized microstructures of three samples: 
(a) Sample 1, (b) Sample 2, and (c) Sample 3 
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Figure 2. Particle fractures that occurred during the rolling process 

 
Figure 3. Measured particle size distributions in the three samples compared to a log-normal distribution 

(m and v denote mean and variance, respectively) 

Table 1. Parameters for synthetic microstructure-based models 

Parameter Variation 
Initial model size 1182 × 887 µm2 (1 pixel = 1 µm2) 
PVF 0.5%, 1.0%, 2.0% 
Particle size distribution log-normal distribution (m = 1.7, v = 1) 
Particle shape Circle, ellipse 
Particle distribution Random, along grain boundaries 
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2.2 Synthetic Microstructure-Based Models 

Figure 4 and Figure 5 are examples of the synthetic microstructures generated with the twelve possible 
combinations of the microstructural features listed in Table 1. The size of all the microstructures in the 
figures is 1182 × 887 µm2 (pixels) as noted in Table 1. Figure 4 shows the microstructures with random 
particle distributions with three different PVFs (i.e., 0.5%, 1.0%, and 2.0%) for circular and elliptical 
particles. Figure 5 shows the microstructures with the particles along grain boundaries with three different 
PVFs (i.e., 0.5%, 1.0%, and 2.0%) for circular and elliptical particles. Note here that, for the 
microstructures with elliptical particles, about 30% of the particles are circular while the others are 
elliptical with an aspect ratio of 1~2, and actual grain boundary information was used to assign the 
directions of major axes of the elliptical particles (Choi et al. 2018). It can also be seen in Figure 4 and 
Figure 5 that the microstructures with elliptical particles have exactly the same particle distributions (i.e., 
locations) as those of the corresponding microstructures with circular particles. This way, it is expected 
that the pure effects of particle shape on the evolution of particle distribution during rolling can be better 
investigated. In this study, five different microstructures were generated for each microstructural feature 
in order to obtain average results for each feature. 
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 Random Distribution 
 Circular Elliptical 

0.5% 

 
(a) 

 
(d) 

1.0% 

 
(b) 

 
(e) 

2.0% 

 
(c) 

 
(f) 

Figure 4. Examples of synthetic microstructures with random particle distributions: (a), (b), (c) circular 
particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical particles with 
0.5%, 1.0%, and 2.0% PVF, respectively  
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 Grain Boundary Distribution 
 Circular Elliptical 

0.5% 

 
(a) 

 
(d) 

1.0% 

 
(b) 

 
(e) 

2.0% 

 
(c) 

 
(f) 

Figure 5. Examples of synthetic microstructures with particles distributed along grain boundaries: (a), 
(b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) 
elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively 
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2.3 Hot Rolling Simulation 

In the previous report (Choi et al. 2018), simulations for two-step hot rolling reductions (i.e., 40% and 
80%) were conducted using a simple 2D plane-strain compression loading condition to investigate the 
evolution of particle distribution during multi-pass hot rolling of annealed U10Mo coupons. All the 
generated microstructures shown in Figure 4 and Figure 5 were converted to plane-strain FE models. 
Here, each 1 µm × 1 µm pixel in a microstructure image was represented by one element in the FE 
models. The commercial FE code ABAQUS/Explicit was used for the simulations. The detailed 
procedures for two-step hot rolling simulations including the material property information can be found 
in the earlier report (Choi et al. 2018).  

Figure 6 shows the particle distributions after each rolling process in example models with circular 
particles and 1% PVF for random particle distribution and for particle distribution along grain boundaries. 
As shown in the figure, with progressive rolling reduction, the carbide particles redistribute and tend to 
align as stringers along the rolling direction. Note here that carbide particle fracture was not considered 
for hot rolling simulations. Statistical analysis results of the particle distributions for different 
microstructures after 40~80% hot rolling reductions were reported in detail in the previous report (Choi 
et al. 2018).  
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 (a) (b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 6. Particle distributions in the example models with circular particles and PVF of 1%: random 
particle distributions for (a) initial condition (1182 × 887 µm2) and after (c) 40% 
(1967 × 532 µm2) and (e) 80% (5785 × 178 µm2) hot rolling reductions; particle distributions 
along grain boundaries for (b) initial condition (1182 × 887 µm2) and after (d) 40% 
(1967 × 532 µm2) and (f) 80% (5785 × 178 µm2) hot rolling reductions 
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2.4 Cold Rolling Simulation 

After hot rolling, cold rolling is also performed on U10Mo samples, down to 70~80% reduction (Choi et 
al. 2018). In order to investigate the redistributions and fractures of carbide particles during the combined 
hot and cold rolling reductions, the microstructures after hot rolling reduction need to be used as the 
initial microstructures for the subsequent cold rolling simulations. In this study, the resulting 
microstructures (~5785 × 178 µm2) after 80% hot rolling reductions (e.g., Figure 6(e),(f)) were remeshed 
using 1 × 1 µm2 elements for the cold rolling simulations. A 2D plane-strain compression loading 
condition was also applied to simulate the cold rolling reduction of U10Mo samples, including their 
carbide particle fractures. The same boundary conditions were applied as those used for hot rolling 
simulations, where a multipoint constraint was applied to keep the right and left edges of the model 
straight vertically during the compression (i.e., rolling) process. One-step simulations were performed on 
the initial microstructure after hot rolling down to 70% rolling reduction. The final dimensions of the 70% 
cold-rolled microstructure were ~18,500 × 53 µm2.  

In the following subsections, the fracture criterion for the carbide particles and the determination of 
material parameters used in the cold rolling simulations are discussed. 

2.4.1 Void Volume Fractions after Cold Rolling 

Volume fractions (VVFs) of voids created by carbide particle fracture were first estimated in this study 
because the estimated void volume fraction (VVF) values are to be used for calibrating the material 
parameters of the fracture criterion used for carbide particles. Two cold-rolled U10Mo samples were 
selected for estimating VVF.  

Figure 7 shows SEM images of two cold-rolled samples in (a) and (c), and the corresponding processed 
images in (b) and (d), where the black-colored regions represent the carbide particles as well as areas 
voided by particle fracture. These samples were cold-rolled to reductions of 48% and 81%, respectively, 
after hot rolling. Further image processing was applied to the SEM images to estimate the VVF of the two 
samples with the assumption that the small, black dots in SEM images are voids due to particle fracture. 
The obtained volume fractions for the two samples are listed as “PVF+VVF” and “VVF” in Table 2. PVF 
can be estimated by simply subtracting VVF from PVF+VVF as listed in the table; the two samples in 
Figure 7 are revealed to have about 0.5~0.6% PVF. 

Table 2. Measured PVF and VVF of two cold-rolled U10Mo samples 

 Sample 4 Sample 5 
Cold rolling reduction (after hot rolling) 48% 81% 
Carbide PVF+VVF ~0.643% ~0.561% 
VVF ~0.057% ~0.062% 
PVF ~0.586% ~0.499% 
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(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Figure 7. SEM images of two cold-rolled U10Mo samples and the corresponding processed images 
showing carbide particles with voided area. (a), (b) Sample 4 (after 48% cold rolling reduction) 
and (c), (d) Sample 5 (after 81% cold rolling reduction)  
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2.4.2 Fracture Criterion for Carbide Particles 

The fracture of brittle materials is mainly induced by the stresses that they are subject to. Two different 
stress-based brittle fracture criteria were tested in this study for their capability to describe the carbide 
particle fracture and the resulting VVF evolution with an increase of cold rolling reduction. One was the 
ABAQUS built-in tensile failure criterion in which the particle fracture depends on the hydrostatic tensile 
stress, and the other was a modified 2D version of Griffith’s brittle failure criterion (Jaeger 1970) in 
which the fracture depends on the combination of the maximum and minimum principal stresses. After 
testing the two failure criteria under various circumstances, the Griffith’s failure criterion was selected to 
describe the carbide particle fracture. This is because the results based on the Griffith’s criterion appear to 
be in better agreement with VVF evolution trend estimated in the previous section, and because the 
primary fracture mode can be tracked for each particle with this criterion, which is of interest as well.  

Based on the 2D version of Griffith’s fracture criterion, a brittle material fractures when the following 
conditions are satisfied: 

 𝜎𝜎1 = 𝜎𝜎𝑡𝑡𝑡𝑡     𝑖𝑖𝑖𝑖      3𝜎𝜎1 + 𝜎𝜎3 > 0 (1) 

 (𝜎𝜎1 − 𝜎𝜎3)2 + 8𝜎𝜎𝑡𝑡𝑡𝑡(𝜎𝜎1 + 𝜎𝜎3) = 0     𝑖𝑖𝑖𝑖      3𝜎𝜎1 + 𝜎𝜎3 < 0 (2) 

where 𝜎𝜎1 and 𝜎𝜎3 are the maximum and minimum principal stresses, respectively, acting on a material 
point, and 𝜎𝜎𝑡𝑡𝑡𝑡 is the tensile fracture strength of the material. Here, Equations (1) and (2) represent the 2D 
versions of two different fracture modes (i.e., Mode I and Mode II). Figure 8 shows schematics of the two 
different fracture modes: Mode I shows an extensional separation of particle while Mode II shows a 
shear-type fracture. Note that, in order to employ Griffith’s fracture criterion, a material user subroutine 
was coded based on Equations (1) and (2) and then implemented into ABAQUS. From the test 
simulations, 𝜎𝜎𝑡𝑡𝑡𝑡 of carbide particles was calibrated to be 2970 MPa. 

As described previously, the initial microstructures for cold rolling were generated by remeshing the 
microstructures resulting after 80% hot rolling reduction, and 2D plane-strain compression loading was 
applied for cold rolling simulation. During simulation, when the fracture criteria in Equations (1) and (2) 
are satisfied for a material element, that element is not deleted from the model, but remains in the model 
as voided region (or element) while still carrying hydrostatic load (i.e., 𝜎𝜎1 = 𝜎𝜎2 = 𝜎𝜎3). This behavior was 
assumed for voided regions in order to avoid elements overlapping due to undefined contact between the 
interior elements of the 2D plane-strain model that surround the deleted elements. This behavior may also 
reflect that voids/cracks can still resist pressure although they cannot carry tensile load. Figure 9 shows 
some examples of particle fracture and the resulting voided region observed in the model during cold 
rolling simulation. In the figure, the blue elements represent the voided regions after the particle fracture 
occurs; the elements were stretched freely without resisting the load in the horizontal direction.  

The simple conversion of the elements satisfying the fracture criterion into voided elements adopted in 
this work may not accurately describe the cracking behavior of particles and the subsequent VVF 
evolutions, since the crack size and VVF obtained from simulations may depend on the adopted element 
size. However, the purpose of this study is to understand the influence of different microstructural 
features on the evolution of particle distributions and VVFs. Also, in this study, the same size elements 
(i.e., 1 × 1 µm2) are used in all the microstructures throughout the entire hot/cold rolling simulations. 
Therefore, the influence of microstructural features is expected to be qualitatively well captured by this 
modeling method.  



 

12 

 
Figure 8. Schematics of two different fracture modes in the 2D version of Griffith’s brittle fracture 

criterion 

 
Figure 9. Representation of particle fracture and the corresponding voided area 
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2.4.3 Determination of Material Parameters 

Because of the difference in rolling temperatures, the material properties used for the matrix and carbide 
particles for the cold rolling simulations are different from those used in the hot rolling simulations. 
Figure 10 shows the flow curves used for matrix and particles for cold rolling simulations. The flow curve 
for the matrix material is based on the results of Burkes (Burkes et al. 2009) of U-xMo material deformed 
at room temperature. The flow curve of the particle consists of three linear segments that represent elastic 
behavior, linear plastic hardening, and perfect plastic deformation. Here, the yield strength and the plateau 
strength in the flow curve of the particle are ~1500 MPa and ~5100 MPa, respectively. Although the 
carbide particles are brittle and generally do not deform plastically during rolling, a high plastic hardening 
rate along with subsequent perfect plastic deformation was assumed to better fit the simulation results to 
the estimated VVF evolutions (see Figure 11).  

A 1% PVF model with elliptical particles along grain boundaries was selected for calibrating and 
determining the plateau strength (i.e., 5100 MPa) in the flow curve of a particle and its tensile fracture 
strength 𝜎𝜎𝑡𝑡𝑡𝑡 (i.e., 2970 MPa) discussed in the previous section. First, the VVFs estimated based on the 
SEM images of two cold-rolled samples (see Table 2) were adjusted for 1% PVF microstructures based 
on our accumulated simulation data on VVF evolution for various conditions. Figure 11 shows VVF 
evolution due to particle fracture for increasing cold rolling reduction for microstructures with elliptical 
particles along grain boundaries at three different PVFs. To calculate VVF, the total area of voided 
elements (e.g., the blue-colored regions in Figure 9) was obtained and divided by the simultaneous model 
area. The VVF values in Figure 11 were obtained by averaging the VVFs of the five different 
microstructures with the same features. As shown in the figure, the VVF evolution for 1% PVF 
microstructures agrees well with the data adjusted for 1% PVF microstructures (i.e., orange-colored 
symbols). Note that the original estimated VVFs listed in Table 2 (i.e., green-colored symbols) also match 
well with the VVF evolution results for microstructures with lower, 0.5% PVF.  

The assumed flow behavior of carbide particles in Figure 10 may not represent their real behavior. Also, 
the two material parameter values (i.e., 2970 MPa and 5100 MPa) determined here may be different from 
the true strength values of carbide particles. These values were determined based on various modeling 
assumptions (e.g., 2D plane-strain compression loading, Griffith’s fracture criterion, method of 
calculating VVF, etc.) and the calibration with the experimentally estimated VVFs. The actual behavior 
of matrix and particles within U10Mo samples during rolling may be different from those simulated in the 
2D modeling in this study. Although 3D modeling with fine-sized elements may more accurately capture 
the local 3D stress states near the particles and their influence on the particle fracture, it is 
computationally costly to use 3D modeling to investigate the effects of microstructural features of a rather 
large representative volume element.  
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Figure 10. Flow curves used for matrix and particles in U10Mo samples for cold rolling simulations 

 

Figure 11. VVF evolution due to particle fracture during cold rolling simulations for microstructures with 
elliptical particles along grain boundaries and different PVFs 
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3.0 Results and Discussion 

3.1 Evolution of Void Volume Fraction during Cold Rolling 

The general trend of VVF evolution is presented in Figure 11. In the figure, the voids begin to appear 
after ~10% cold rolling reduction, and the VVF increases with rolling reduction although its rate of 
increase gradually declines. The VVFs were then obtained for all microstructure models to examine the 
influence of microstructural features. In this examination, the VVFs were calculated only for 40% and 
70% cold rolling reductions.  

Figure 12 compares VVF evolution for different microstructural features. As shown in the figure, the 
microstructures with elliptical particles show much larger (almost twice as large) VVFs than those with 
circular particles. This indicates that the elliptical particles are fractured more easily than the circular 
ones. The results also show that, for the microstructures with lower PVFs (i.e., 0.5% and 1.0% PVF), the 
particle distributions (i.e., random or along grain boundaries) have insignificant effects on the VVF 
evolution, whereas for the microstructures with higher PVF (i.e., 2.0%), the microstructures with particles 
along grain boundaries may have larger VVFs than the ones with random particle distributions. This 
indicates that the effects of particle distribution on VVFs of U10Mo samples are negligible for actual 
samples, since the real PVFs of various U10Mo samples are lower than the 1.0% from experimental 
estimation used here.  

As mentioned in Section 2.4.2, the fracture mode can be tracked for each particle based on the adopted 
fracture criterion. Strictly speaking, rather than the fracture mode of a particle itself, the fracture mode for 
each deleted (i.e., voided) element can be tracked, since the fracture criterion is applied only to elements 
composing a particle. Tracking the fracture modes for all the deleted elements revealed that almost all the 
deleted elements (i.e., ~99%) were fractured by tensile separation in Mode I. This is probably because the 
simple compression loading condition was adopted in this study, which may well describe the 
deformation mode in the center region of the rolled samples. The particles near the actual sample surface 
may experience severe shearing deformation during rolling, and then fracture in Mode II.  
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Figure 12. Evolution of VVFs during cold rolling: (a) 0.5% PVF, (b) 1.0% PVF and (c) 2.0% PVF  
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3.2 Evolution of Stringers during Cold Rolling 

The stringers or stringer-type particle clusters provide a possible propagation path for cracks or fractures, 
which lowers the damage resistance of the materials (Hannard et al. 2017; Cheng et al. 2018). It is 
therefore important to control the particles in the initial microstructures to obtain the desired material 
performance after the final rolling process. In this study, the effects of different microstructural features 
on their SVF and stringer length are examined. 

3.2.1 Definition of Stringers and Stringer Volume Fraction 

In our previous studies, we used post-necking modeling to determine a stringer identification criterion 
(Wang et al. 2017; Cheng et al. 2018). The criterion is briefly introduced here. Each particle within the 
microstructures was approximated by an ellipse, as shown in Figure 13(a), using a MATLAB code as 
follows. First, the coordinates of a center point for the ellipse were calculated by averaging the 
coordinates of all points (i.e., pixels) in the particle. The major axis was then determined by the two 
points within the particle that have the longest distance between them. The rotated angle (i.e., angle 
between the major axis and the horizontal axis) was also calculated using the two points with the largest 
separation (i.e., longest distance). The length of the minor axis was then calculated by dividing the area of 
the particle by π times the length of the major axis. For the purpose of identifying a stringer, as shown in 
Figure 13(b), a line was first drawn to connect the center points of two particles. The angle between the 
connecting line and the horizontal direction is defined as 𝜃𝜃, the line segments within particle 1 and 
particle 2 are defined as 𝑟𝑟1 and 𝑟𝑟2, respectively, and the distance between the two particle centers is 
defined as 𝑑𝑑. The angles for angular misalignment between the particles are kept the same as those in 
ASTM E45-05 at 10° (ASTM 2005). Because the critical distance d between two particles was estimated 
as five times the sum of the two radii, the stringer identification criterion can be defined as follows: 

 𝜃𝜃 ≤ 10° (3) 

 𝑑𝑑 ≤ 5 ∗ (𝑟𝑟1 + 𝑟𝑟2) (4) 

If two particles are found to satisfy the criterion listed above, that pair of particles is considered a two-
particle stringer. After the criterion above is applied to all the particles within the microstructure, all the 
two-particle stringers can be identified, and a list of two-particle stringers with the particle labels is then 
obtained. If the same particle is found in different two-particle stringer pairs, the list is to be adjusted by 
merging two-particle stringers that include the same particle. Thus, a new stringer list, including ones 
with three or more particles, can be finally obtained. 
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Figure 13. (a) A sketch showing the approximation of particles using ellipses and (b) a sketch of stringer 

identification criteria used in this study 

Stringer analyses were conducted for all the initial microstructures (i.e., the structures before cold rolling) 
with different features as well as the corresponding deformed microstructures after 40% and 70% cold 
rolling reduction. Stringer analyses on the deformed microstructures were conducted with the remeshed 
microstructure data after rolling reduction. In the remeshing, smaller elements (i.e., 0.5 × 0.5 µm2) were 
used to increase the resolution of particle shapes in the very thin microstructures deformed by 40~70% 
cold rolling reduction. For example, the final dimension of the 70% cold-rolled microstructure (i.e., 
~18,500 × 53 µm2) was remeshed into the image data with ~37,000 × 106 pixels.  

Figure 14 shows some example results of stringer analysis, and compares the effects of hot and cold 
rolling on the stringer evolution. Note here that hot rolling and cold rolling in this study are simulated 
simply by adopting different material properties with or without consideration of carbide particle fracture. 
Figure 14(a) and Figure 14(c) show small portions of the models deformed by 40% hot and 40% cold 
rolling reduction, respectively, from the initial microstructures after the prior 80% hot rolling reduction. 
They have 2% PVF of elliptical particles randomly distributed as shown in the figures. Figure 14(b) and 
Figure 14(d) show the distribution of particles that were identified as stringers from the microstructures in 
Figure 14(a) and Figure 14(c) based on the criterion in Equations (3) and (4). Note here that the separated 
pieces of fractured particles during rolling were also considered as individual particles in this stringer 
analysis and were identified as stringers if they satisfied the criterion. As shown in Figure 14(b) and 
Figure 14(d), many fractured particles, especially from the elliptical particles, emerged during 40% cold 
rolling, and were identified as stringers. In this study, SVF can be defined as  

 Stringer volume fraction = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

 (5) 

Based on the definitions of stringer and SVF and observations of Figure 14, the SVF can be significantly 
increasing during cold rolling. For the microstructure in Figure 14, SVFs were calculated to be ~43% and 
~54% after hot and cold rolling, respectively.  
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Figure 14. (a), (c) Microstructure and (b), (d) stringer distributions of a 2.0% PVF model with random 
distribution of elliptical particles after 40% hot and cold rolling: (a), (b) after 40% hot rolling 
and (c), (d) after 40% cold rolling 
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3.2.2 Stringer Volume Fraction during Hot/Cold Rolling 

The effects of microstructural features on the evolution of SVFs during rolling are presented in this 
section. Figure 15 and Figure 16 show the evolution of total SVF with an increase of rolling reduction for 
different microstructural features. The volume fractions of stringers containing two, three, four, and five 
or more particles are also plotted as additional information. The results in these figures represent the 
average values and deviations of five models that have the same microstructural features. It should be 
noted that the results in these figures show the SVF evolution during the entire hot and cold rolling 
process, so that the trend of SVF evolution during hot and cold rolling can be easily compared. Here, the 
results from 0% to 80% reduction are based on hot rolling simulations, whereas those from 80% to 94% 
are based on cold rolling simulations. Note that the cold rolling of an additional ~70% after ~80% hot 
rolling, mentioned in the previous section, can be converted to a rolling reduction from 80% to 94% in the 
figures. 

In Figure 15, the SVFs for the microstructures with random particle distributions remain generally the 
same (for circular particles) or increase only slightly (for elliptical particles) with the increase of hot 
rolling reduction up to ~80%. However, during cold rolling from 80 to 94%, the SVFs substantially 
increase due to particle fracture, especially for elliptical particles (see the black curves). Note again that 
the elliptical particles were found to fracture more easily than the circular ones in a previous section. 
Interestingly, for these random particle distributions, the increased percentage points of SVFs during cold 
rolling remains similar even for different PVF microstructures (i.e., ~15 percentage points for circular 
particles and ~35 percentage points for elliptical particles). It is also of interest that, as the PVF increases, 
the rate of increase of SVFs from small-number particle stringers (i.e., two-, three- and four-particle 
stringers) decreases (see the red, blue and green curves) while that from large-number particle stringers 
(i.e., stringers with five or more particles) increases greatly (see the orange curves). For example, for 
0.5% PVF microstructures, the SVFs from two-particle stringer increase significantly for both the circular 
and elliptical particles, whereas those for 2% PVF microstructures remain the same for circular particles 
or decrease for elliptical particles.  

In Figure 16, the SVFs for the microstructures with particle distributions along grain boundaries are 
initially similar to those for random particle distributions before rolling, and then substantially increase 
with hot rolling reduction up to ~80%. During cold rolling from 80 to 94%, the SVFs also increase due to 
particle fracture, especially for elliptical particles, as observed above in the cases of random particle 
distributions (see the black curves). Unlike the results presented in Figure 15, for the particle distributions 
along grain boundaries, the increased percentage points of SVFs during cold rolling depend on the PVFs 
of microstructure, and decline with the increase of PVF. The same trend as in the random particle 
distributions is also observed: as the PVF increases, the rate of increase of SVFs from stringers 
comprising few particles decreases, while that from many-particle stringers increases significantly. It is 
observed from Figure 15 and Figure 16 that, in general, the SVFs substantially increase due to particle 
fractures during cold rolling, and the SVFs from many-particle stringers increase greatly, especially for 
high-PVF microstructures.  

To gain better understanding of the influence of particle fracture on SVF evolution during cold rolling, 
twelve representative microstructures showing the SVF evolution features in Figure 15 and Figure 16 
were selected and simulated based on an assumption of hot rolling from 80% to 94% without any particle 
fracture. The results obtained based on hot rolling simulation are compared with those based on a cold 
rolling assumption in Figure 17 for random particle distribution and Figure 18 for particles along grain 
boundaries. In the figures, the solid curves with solid symbols are based on hot rolling reduction up to 
80% and subsequent cold rolling reduction from 80% to 94%, whereas the dotted curves with open 
symbols are based on hot rolling reduction from 80% to 94%. Details on SVF evolution during the initial 
hot rolling from 0% to 80% were discussed in the previous report (Choi et al. 2018).  
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For hot rolling from 80% to 94%, the total SVFs (i.e., black, dotted curves) either remain similar, 
decrease, or increase by some small amount depending on the microstructural features. A rolling 
reduction this extensive has two effects relevant to the SVF evolution: (1) the horizontal spaces between 
the particles can be significantly increased, which tends to decrease the SVF, and (2) particles may fill in 
the newly increased horizontal spaces between the particles, which contrarily tends to increase the SVF. 
These two factors interact differently depending on the PVF and the particle shapes and distributions. For 
example, for hot rolling from 80% to 94%, the SVFs for the microstructures with random particle 
distributions tend to remain similar or increase, while those for the particle distributions along grain 
boundaries and larger PVFs (i.e., 1.0%, 2.0%) tend to decrease. For the random particle distributions, it 
appears that the contributions from the two factors mentioned above are similar or the contribution from 
interposing particles is dominant due to their intrinsic random particle distribution. However, for the 
microstructures with particles distributed along grain boundaries, the contribution from interposing 
particles appears to be insignificant due to their aligned particle distributions. Note that the random 
particle distribution has rather high chance to satisfy the criterion in Equation (3) by interposing between 
particles during rolling while the aligned particle distribution has less chance to satisfy the criterion.  

The SVF differences between cold-rolled and hot-rolled material (i.e., the solid curve vs. dotted curve 
from 80% to 94%) are induced primarily by particle fracture (and secondarily by different matrix 
properties), and increase with the rolling reduction. Interestingly, the SVF differences between hot and 
cold rolling after 94% rolling reduction does not depend much on the PVF or particle distributions, but 
depend primarily on the particle shapes. This SVF difference is 15~20 percentage points for circular 
particles, and 25~30 percentage points for elliptical particles. This indicates again that the particle shape, 
rather than other microstructural features, dominates particle fracture during cold rolling. Also, the SVFs 
for stringers with many particles (i.e., orange curves) significantly increase with cold rolling because the 
number of particles in a stringer increases when the original particles fracture.  

In this study, the separate pieces of particles fractured during rolling were considered to be individual 
particles in the stringer analysis for Figure 15‒Figure 18. For this reason, the two- and three-particle 
stringers used to plot the figures may consist primarily of fractured particles. Hence, the SVF evolution 
from only many-particle stringers may also be of interest in this study. SVFs were recalculated after 
neglecting the fewer- (i.e., two- and three-) particle stringers. Figure 19 and Figure 20 show the SVF 
evolution based on many-particle stringers. Unlike the results in Figure 15 and Figure 16, the total SVFs 
in Figure 19 and Figure 20 tend to depend on the PVF in the microstructure, resulting in higher SVFs for 
higher PVFs during cold rolling reduction.  
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Figure 15. SVFs for random particle distributions: (a), (b), (c) circular particles with 0.5%, 1.0%, and 
2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 2.0% PVF, 
respectively. (hot rolling between 0 and 80% and cold rolling between 80 and 94%)  
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Figure 16. SVFs for particle distributions along grain boundaries: (a), (b), (c) circular particles with 
0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 
2.0% PVF, respectively. (hot rolling between 0 and 80% and cold rolling between 80 and 
94%)   



 

24 

 Circular Elliptical 

0.5% 

 
(a) 

 
(d) 

1.0% 

 
(b) 

 
(e) 

2.0% 

 
(c) 

 
(f) 

Figure 17. Comparison of SVFs during hot and cold rolling for random particle distributions: (a), (b), (c) 
circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles 
with 0.5%, 1.0%, and 2.0% PVF, respectively. (Solid curves and symbols denote hot rolling 
between 0 and 80%, then cold rolling between 80 and 94%; dotted curves and open symbols 
denote hot rolling between 80 and 94%)   
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Figure 18. Comparison of SVFs during hot and cold rolling for particle distribution along grain 
boundaries: (a), (b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), 
(e), (f) elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively. (Solid curves and 
symbols denote hot rolling between 0 and 80%, then cold rolling between 80 and 94%; dotted 
curves and open symbols denote hot rolling between 80 and 94%)  
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Figure 19. SVFs based on many-particle stringers for random particle distributions: (a), (b), (c) circular 
particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles with 
0.5%, 1.0%, and 2.0% PVF, respectively. (hot rolling between 0 and 80% and cold rolling 
between 80 and 94%)  
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Figure 20. SVFs based on many-particle stringers for particle distribution along grain boundaries: (a), 
(b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical 
particles with 0.5%, 1.0%, and 2.0% PVF, respectively. (hot rolling between 0 and 80% and 
cold rolling between 80 and 94%)  
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3.2.3 Maximum Stringer Length during Hot/Cold Rolling 

As shown in Figure 14(b) and Figure 14(d), stringers can have different numbers of particles and different 
lengths. The stringer length is an important factor because it may affect the damage resistance of the 
materials. In this study, the stringer length is simply determined as the direct distance between the two 
particles on each end of the stringer. 

Figure 21 and Figure 22 show the evolution of maximum stringer length during the entire hot/cold rolling 
reduction to 94% for different microstructural features. Average lengths of two-, three-, and four-particle-
stringers are also plotted. In the figures, the averaged maximum stringer length (i.e., black curves) 
generally have large deviations, which indicates the maximum stringer length data is scattered. However, 
it appears that the curves for maximum stringer length still show some noticeable trends in the effects of 
microstructural features. The trends during hot rolling up to 80% reduction were discussed in our previous 
report. In the current study, the maximum stringer lengths for the microstructures with circular particles 
tend to remain similar or decrease during cold rolling reduction from 80% to 94%. Those for elliptical 
particles tend to slightly increase, although they decrease a little at 88% reduction. As mentioned 
previously, in general, the horizontal spaces between the particles are significantly increased during an 
extensive rolling reduction; this can shorten the maximum stringer length, because the previously longest 
stringer may have become several short stringers. Note, however, that the particle fracture may also 
connect neighboring particles, forming stringers, even when the horizontal spaces are increasing. Because 
a substantial portion of particle fractures occurred in elliptical particles, (which fracture more easily than 
circular particles), microstructures with the elliptical particles can show slightly increased maximum 
stringer length at 94% rolling reduction. 
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Figure 21. Maximum stringer length for random particle distributions: (a), (b), (c) circular particles with 
0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 
2.0% PVF, respectively. (hot rolling between 0 and 80% and cold rolling between 80 and 
94%)  
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Figure 22. Maximum stringer length for particle distribution along grain boundaries: (a), (b), (c) circular 
particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical particles with 
0.5%, 1.0%, and 2.0% PVF, respectively. (hot rolling between 0 and 80% and cold rolling 
between 80 and 94%)  
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3.3 Evolution of Surface Particles during Hot/Cold Rolling 

Because carbide particles near the surface can influence the fuel quality and stability, evolution of the 
number of particles on the surface was investigated.  

Figure 23 shows the evolution of the number of particles at the surface during the entire hot/cold rolling 
reduction to ~94% for the microstructures with circular and elliptical particles. Here, only particles 
touching the surface are counted as surface particles, regardless of size. As shown in the figure, the 
number of particles at the surface increases with increased rolling reduction and PVF. In particular, 
during the cold rolling reduction from 80% to 94%, the number of particles at the surface increases very 
rapidly. This rapid increase is caused by particle fracture during cold rolling. Again, the separate pieces of 
particles fractured during rolling were considered to be individual particles. The results for elliptical 
particles in Figure 23(d)‒Figure 23(f) show more particles on the surface than for the circular particles in 
Figure 23(a)‒Figure 23(c). This reflects the elliptical particles being more easily fractured than the 
circular particles. The figure also shows that random particle distributions result in more particles at the 
surface after rolling. Particles aligned along grain boundaries may have less chance of touching the 
surface during rolling than randomly distributed particles.  

In order to examine the effects of particle fracture on the number of particles at the surface during cold 
rolling, twelve microstructures specially selected and simulated for hot rolling in the previous SVF 
analysis were also analyzed to calculate the number of particles at the surface. The results are plotted as 
the dotted curves in Figure 24 and compared with those from cold rolling. As shown in the figure, during 
hot rolling from 80% to 94%, the number of particles at the surface remains similar. The difference in the 
number of particles at the surface is primarily due to particle fracture, with secondary effects coming from 
different matrix properties. As mentioned previously, the remeshed data were used for the analysis of 
stringer and surface particles. Errors stemming from remeshing may also have some effects on the 
difference in the number of particles at the surface between hot and cold rolling. In counting the number 
of particles at the surface, a new criterion may need to be developed that considers the particle size and its 
depth below the surface, because large particles below the surface may have more substantial interaction 
with the surface than small particles exposed on the surface have. 
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Figure 23. Number of particles on the surface during rolling: (a), (b), (c) for microstructures with circular 
particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) for microstructures with 
elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively. (hot rolling between 0 and 
80% and cold rolling between 80 and 94%) 
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Figure 24. Comparison of numbers of particles on the surface during hot and cold rolling: (a), (b), (c) for 
microstructures with circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), 
(f) for microstructures with elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively. 
(hot rolling between 0 and 80% and cold rolling between 80 and 94%) 
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4.0 Conclusions 

The influence of initial carbide particle distribution features on the evolution of stringer distribution 
within a U10Mo alloy during cold rolling was investigated in this study. Various synthetic 
microstructure-based FE models were generated with consideration of different parameters: (1) particle 
shape (circular or elliptical), (2) PVF (0.5, 1.0, or 2.0%), and (3) particle distribution (random or along 
grain boundaries). Plane-strain compression loading was applied to the FE models to simulate the rolling 
process. Hot rolling was first applied to ~80% reduction, the results of which can be found in our previous 
report (Choi et al. 2018). Cold rolling was then applied to ~94% reduction to the microstructures resulting 
from hot rolling with consideration of carbide particle fracture. Stringer analyses were then performed on 
the simulation results. Some key results from this study are summarized below.  

1. A 2D version of Griffith’s fracture criterion was employed to describe the brittle fracture of carbide 
particles during cold rolling. A material user subroutine was then coded based on the fracture 
criterion and implemented into ABAQUS. Material parameters were calibrated based on comparison 
of VVFs between simulation and experiments. 

2. The microstructures with elliptical particles show much larger (almost double) VVFs than those with 
circular particles, indicating that elliptical particles are fractured more easily than circular ones.  

3. For actual U10Mo samples, the particle distributions (i.e., random or along grain boundaries) have 
insignificant effect on the VVF evolution. 

4. Based on the simple compression loading condition adopted in this study, almost all the particles (i.e., 
>99%) were fractured by tensile separation in Mode I.  

5. During cold rolling, the SVFs increase substantially due to particle fracture, especially for 
microstructures with elliptical particles. SVFs from many-particle stringers tend to increase fast. 

6. For the random particle distributions, the increased percentage point of SVFs during cold rolling does 
not depend on the PVF of the microstructures (i.e., ~15 percentage point for circular particles and ~35 
percentage point for elliptical particles). However, for the particle distributions along grain 
boundaries, the increased percentage point of SVFs during cold rolling depends on the PVF of the 
microstructure, and decreases with the increase of PVF.  

7. If only many-particle stringers (i.e., ≥4 particles) are considered for SVF analysis to reduce effects 
from particle fracture, the total SVFs tend to depend on the PVF of the microstructure, resulting in 
higher SVFs for higher PVF during cold rolling reduction. 

8. During cold rolling, the maximum stringer lengths for microstructures with circular particles tend to 
remain similar or decrease, whereas those for elliptical particles tend to slightly increase after a small 
decrease.  

9. During cold rolling, the number of particles at the surface increases very rapidly due to particle 
fracture.  

Based on the above summaries, a set of process parameters that may result in circular carbide particles 
within samples is recommended during the initial homogenization process in order to reduce the VVF and 
SVF induced by the particle fracture during cold rolling step.  
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