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1.0 Introduction 

Identification of nuclear events (Hayes et al. 1999; Ringbom et al. 2003; Le Petit et al. 2008; 
Prelovskii et al. 2007) rely on accurate measurement of radioxenon releases (Arthur et al. 2001; Auer et 
al. 2010; Bowyer et al. 1998; Bowyer et al. 2000; Bowyer et al. 2006; Bowyer et al. 2009; Bowyer et al. 
2011; Le Petit et al. 2006; McIntyre et al. 2001; Ringbom 2005; Saey 2009; Saey et al. 2013). 
Measurement of radioxenon relies on accurately knowing the detection efficiency for each isotope.  

Four xenon isotopes are of interest:  135Xe, 133Xe, 133mXe, and 131mXe. Each isotope has a unique 
signature; however, there is overlap between each signature. A series of ratio terms, called interference 
ratios, helps account for the challenges created by the overlap. The ratio and detection efficiency terms 
are all determined during the initial detector calibration. Additional spectra are needed for a complete 
calibration: the radon daughter 214Pb/214Bi, the detector background, and the 137Cs quality control (QC) 
(see Figure 1.1 for spectra not including QC [Reeder et al. 2004]). 

 
Figure 1.1.  Examples of Typical β-γ Calibration Spectra 

1.1 β-γ Radioxenon Regions of Interest 

The current method used in radioxenon analysis is based on defined regions of interest (ROIs). Each 
of the five isotopes (214Pb, 135Xe, 133Xe, 133mXe, and 131mXe) has one or more defined regions of interest 
that encompasses the strongest β-γ decay. Based on the defined ROI, interference from other measured 
isotopes may exist, which are accounted through the previously mentioned interference ratios. The 
calibration method makes use of the same ROI definitions as used in sample analysis. The definition is 
based upon the physics of each isotope (see Table 1.1). 
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Table 1.1.  A list of the Regions of Interest used in a seven-region radioxenon analysis. The third column 
notes the nomenclature used to reference net counts and detection efficiencies associated with 
a particular ROI. 

Region Isotope of interest Equation Nomenclature γ range (keV) β range (keV) 

1 222Rn (352 keV of 214Pb) R1 313-391 4-672 

2 135Xe R2 220-280 4-830  

3 133Xe (80 keV) R3 63-99 4-346  

4 133Xe (30 keV) R4 15-48 4-392 

5 131mXe R5 15-48 90-164 

6 133mXe R6 15-48 165-238 

7 133Xe (exclusion)  R7 15-48 87-241 

4-7 133Xe R47 15-48 4-86, 242-392 

The ROIs are defined in energy; therefore, the detector energy to channel (and vice versa) needs to be 
determined. Initial setup of a coarse energy range for the β and γ detectors is performed using a quality 
assurance/quality control (QA/QC) 137Cs check source, mentioned earlier. However, the actual energy 
calibration is performed using the xenon calibration spikes. The centroid of each peak is measured and 
paired with the appropriate energy. Table 1.2 lists typical β and γ energy calibration values. A linear least-
squares-fit is then used to convert between energy and channel and aligns the measured data with the 
defined ROIs. 

Table 1.2.  A list of energy and corresponding channel for typical peaks measured during the energy 
calibration of a β-γ detector 

β Energy (keV) Channel γ Energy (keV) Channel 

129.4 34.6 31.6 11.3 

158.4 42.5 81.0 30.1 

198.7 59.3 163.9 57.4 

  233.2 80.3 

  249.8 86.7 

  295.2 103.5 

  351.9 122.0 

  609.4 207.9 

  

 

A QC measurement should be performed prior to each radioisotope measurement to verify gain 
stability.  The centroid of the 661.7 keV γ peak should be fixed to a specific channel and verified it is in 
that channel before measurement.  The typical placement for the 661.7 keV peak in PNNL developed 
detector systems is channel 230.  The peak is found by fitting a Gaussian to the peak between 550 keV 
and 700 keV seen in the γ-singles plot in blue in Figure 1.2.  The β energy endpoint is determined by 
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using the Compton scatter line seen in the β-γ spectrum.  Fitting a line to the Compton line and 
extending it to the Eβ axis will provide an endpoint energy which the typical placement would be channel 
200. 

 
Figure 1.2 Typical 137Cs Calibration Spectra. The top plot is β-singles (blue) and the β projection of the 

β-γ spectrum (green). The right plot is γ-singles (blue) and the γ projection of the β-γ 
spectrum (green). 

The ROIs determine the number of measured events associated by energy to a given isotope; 
however, several sources for the counts appear in an ROI. First, there is ambient background radiation 
that is accounted through subtraction of detector background spectra from the sample of interest. Second, 
there may be a residual sample (memory effect) that needs to be accounted for through a gas background 
file. The gas background file measures the residual radioxenon present from previous samples. Finally, 
there is potential interference between isotopes that are present in the sample. In a calibration all of these 
terms may be present. However, if the calibration gases are introduced to minimize the memory effect, 
then only the detector background needs to be accounted and the interference terms will be measured for 
each calibration sample. The interference terms are simply a ratio of the net counts for each ratio. In the 
case of 214Pb, six ratios will be calculated (see Table 1.3). 
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Table 1.3.  Interference ratio terms determined during the calibration process 

 R2 R3 R4 R5 R6 R47 

214Pb 𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅3
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅4
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅5
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅6
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅47

𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅1
 

135Xe  𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅3
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅4
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅5
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅6
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅47

𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅2
 

133Xe    𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅5
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅3

 
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅6
𝐶𝐶𝑁𝑁𝑁𝑁𝑁𝑁𝑅𝑅𝑅𝑅𝑅𝑅3

 
 

The interference ratios are calculated with the assumption that the samples are isotopically pure, but 
additional data analysis may be performed to account for impurities or contaminates present in the 
samples. Additionally, every measurement has a background component that relates to the environmental 
radiation (i.e., the thorium content of concrete flooring will influence the detector background based on 
distance). The background is assumed to be constant in that it will be composed of long-lived isotopes 
that appear constant for the relatively short duration of the calibration measurement. Therefore, the net 
counts are the gross counts with the background subtracted out: 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑵𝑵𝑵𝑵𝑵𝑵 = 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑮𝑮𝑮𝑮𝑮𝑮𝑮𝑮𝒔𝒔 − 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩  

−𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 − 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 Eq. 1 

However, 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰 and 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 do not need to be accounted for during a 
calibration since they are not present; a radioxenon calibration spike is isotopically pure (except for 
133mXe) and spikes introduced after each previous spike has decayed away. Therefore, the net counts has a 
simpler equation: 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑵𝑵𝑵𝑵𝑵𝑵 = 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑮𝑮𝑮𝑮𝑮𝑮𝑮𝑮𝑮𝑮 − 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 Eq. 2 

The ROIs are also used to calculate the detection efficiency. In the remaining sections of this report, 
the counts used in the equations represent background-subtracted counts in the defined ROI range. 
However, there is a special situation for cases where β singles counts are used. Since the β single counts 
will contain events that have β, conversion electrons, and Auger electrons, the energy range needs to be 
extended to higher energy than the β endpoint would suggest. The typical β single-energy range used in 
the calculation will cover the full β continuum, but care must be taken to not include any signal noise 
within the range. If noise is present, the range may need to be reduced to remove the extra counts from the 
calibration analysis. 

1.2 Calibration Methods 

Three typical calibration methods are employed in characterizing a nuclear detector. The first and 
easiest method is to use a radioactive source standard, or National Institute of Science and Technology 
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(NIST) standard. In this method, the activity of a source is accurately measured using a calibrated detector 
standard. The measured source activity (often considered a known source) is then used to determine what 
the detection efficiencies are for the nuclear detector of interest. This method is only as accurate as the 
calibration of the well-known detector. Another limitation is the selection of isotopes that have γ-rays at 
or near the energies expected from a sample. For radioxenon measurements this will be approximately 30, 
80, and 250 keV. When using a γ source standard, it is often necessary to interpolate the efficiency results 
to the energies of interest, which adds to the overall measurement uncertainty. An alternative calibration 
source is radioactive xenon gas standards, which have known activities and should have a gas 
composition matching the composition of an expected sample. 

Another more accurate calibration method is to calibrate with a radioactive sample that has been 
measured using a well-characterized nuclear detector. This method will remove the necessity of 
interpolating between energies since the calibration source can be the same material expected for sample 
measurements. In the case of radioxenon, this would be one of the four xenon isotopes of interest (135Xe, 
133mXe, 133Xe, and 131mXe). However, this method is still reliant on how well the efficiency calibration is 
known for the well-characterized nuclear detector. Furthermore, understanding the uncertainties in a gas 
sample transfer is extremely challenging and is an additional calibration uncertainty. 

Because of the difficulties in the previous methods, a third method has been chosen for β-γ nuclear 
detector calibration at Pacific Northwest National Laboratory (Bowyer et al. 1999; Carman et al. 2005; 
Cooper et al. 2005; Cooper et al. 2007a; Cooper et al. 2007b; Hennig et al. 2006a, Hennig et al. 2006b; 
Hennig et al. 2007; McIntyre et al. 2001; McIntyre et al. 2007; Ringbom et al. 2003). The third method 
exploits the β-γ coincident measurement to make an absolute activity measurement (Cooper et al. 2013a; 
Cooper et al. 2013b; Ely et al. 2010; Knoll 2010; McIntyre et al. 2012; NCRP 1985) and, consequently, 
an efficiency calibration. The absolute efficiency calibration method uses the four-radioxenon isotopes 
(135Xe, 133mXe, 133Xe, and 131mXe), radon (214Pb), and detector background files as the calibration standard 
(see Figure 1.1 for examples). The method is not reliant upon a known activity sample because it 
inherently determines the absolute activity, but does need isotopically pure samples to obtain an accurate 
calibration. 

1.3 β-γ Calibration Methodology 

The calibration technique discussed in this document can be used for any coincident detection system; 
however, for β-γ systems that have near 4π solid angle coverage, the components that need to be 
accounted for will make the method extremely complex. For the β−γ calibration discussed in this paper, 
several simplifications can be used (Knoll 2010). For instance, the detector geometry allows for nearly 4π 
solid angle coverage for β-decay, meaning the sample is surrounded by the β-detector. This allows 
angular correlations among radiation types to be ignored (NCRP 1985). In addition, the radioxenon 
samples are produced in nearly radioisotopically pure form, and no complicating radioactive interference 
terms exist (Gohla et al. 2016; Haas et al. 2009; Houghton et al. 2016; McGrath et al. 2013; McIntyre et 
al. 2008; Watrous et al. 2015). This specific method leverages the β-γ coincidence detection to determine 
the total number of decays (or absolute activity) by comparison among the numbers of β-single, γ-single, 
and β-γ coincidence detected decays. The total decays (∆𝑁𝑁) can be written in three different forms, one 
for each type of decay: β-γ, γ and β.  
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∆𝑁𝑁 = 𝐶𝐶𝛽𝛽𝛽𝛽
𝐵𝐵𝐵𝐵𝛽𝛽𝛽𝛽𝜀𝜀𝛽𝛽𝛽𝛽

= 𝐶𝐶𝛽𝛽𝛽𝛽
𝐵𝐵𝐵𝐵𝛾𝛾𝜀𝜀𝛽𝛽𝛽𝛽

 Eq. 3 

 
∆𝑁𝑁 = 𝐶𝐶𝛾𝛾

𝐵𝐵𝐵𝐵𝛾𝛾𝜀𝜀𝛾𝛾
 Eq. 4 

 
∆𝑁𝑁 = 𝐶𝐶𝛽𝛽

1−(1−𝜀𝜀𝛽𝛽)�1−𝜀𝜀𝐶𝐶𝐶𝐶𝑖𝑖𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶𝑖𝑖�
 Eq. 5 

 
Where BR is the known branching ratio, ε is the detection efficiency, Cβγ is the number of decay events 
observed in the β-γ detector, and the subscript symbols γ, and β and CE (conversion electron) are 
radiation types.  

By solving Eq. 3 with respects to Eq. 4, it is possible to determine the absolute effective β efficiency 
(𝜀𝜀𝛽𝛽) for the particular ROI. However, the most complex and difficult efficiency to determine is the γ 
efficiency because of the multiple decay paths. Each decay path offers another opportunity to detect a β or 
CE, which will increase the probability that any given nuclear decay is observed. These additional decay 
paths are taken into account by determining the probability that any one nuclear decay is detected. In the 
calculations that appear later in this document, a decay path may have an effective efficiency associated 
with it, which will be used to determine the overall effective isotopic detection efficiency. The effective 
efficiency is often the combined detection efficiency for the β decay as well as a CE or Auger electron 
(AE). To discriminate between the effective detection efficiencies for the different decay paths a 
nomenclature for the efficiency terms will be implemented. The efficiency terms may have two 
components as a subscript; the first term will identify the primary decay (either β, CE, or AE), while the 
second term will have γ- or X-ray energy associated with the β/CE/AE coincident decay.  

An example of the complexity of the calculation is 133Xe. As can be seen in Figure 1.2, the primary 
signatures for 133Xe are the 80.997-keV γ-ray in coincidence with a β, and the 31.606-keV X-ray in 
coincidence with a 45-keV CE. However, two other decay paths can occur in anti-coincidence with the 
primary. The additional decay paths result in several terms that need to be included in the calibration 
calculation. 
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Figure 1.3.  Decay Scheme from 133Xe to 133Cs with Additional Internal Conversion Decay Process 
Included  (Cooper et al. 2013a) 

1.4 Radioxenon Samples  

One other critical component to the calibration of radioxenon β-γ systems is the availability of 
isotopically pure xenon. Four radioxenon isotopes are of interest as nuclear explosion signatures and 
calibration sources. Until recently, only two of the four have been available. Both 133Xe and 131mXe have 
been available through standard medical isotope facilities. However, Idaho National Laboratory and 
University of Texas have built the capability to supply 135Xe (Figure 1.4a) and 133mXe (Figure 1.4b) in 
addition to the other two xenon isotopes.  
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Figure 1.4. A:  β-γ Coincidence Plot of the 135Xe Calibration Sample Data. B:  β-γ Coincidence Plot of 
the 133mXe Calibration Sample Data with 133Xe and a Small Contaminate of 135Xe. The region 
in Figure B circled in blue within the expanded 133mXe region is the 133mXe β-γ coincidence 
peak, and the other horizontal peak is 133Xe. 

The availability of all four xenon isotopes allows the absolute calibration of β-γ systems for all four 
isotopes. However, several constraints to the calibration exist. First are time constraints for the calibration 
of the systems. Each radioxenon isotope has a different half-life, so it is important to calibrate the β-γ 
systems using the correct radioxenon sample order. The order progresses from the shortest half-life 
(135Xe) isotope to the longest-lived (131mXe), which allows for the fastest calibration. In addition, because 
of the memory effect in the β cell, adequate time needs to be given for each radioxenon isotope to decay 
away prior to the introduction of a new radioxenon isotope. The process will take approximately one 
month to complete, based upon the timeline in Table 1.4, and includes measuring the ambient 
background. 
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Table 1.4.  Calibration Process Timeline. Times are selected to work within normal business hours and 
sample shipment restrictions (assumed process begins on a Friday at 8:00 a.m.). 

 Process Time (days) 
137Cs Setup, energy calibrate, gain matching 0.5 
Detector Background Background collection ~3.5 
135Xe Count 0.5 
 Pump and flush (delay for decay)  2 
 Gas background  0.5 
133Xe Count 0.5 
 Pump and flush (delay for decay) 6 
 Gas background 0.5 
133m/133Xe Count  0.5 
 Pump and flush (delay for decay)  6 
 Gas background 0.5 
131mXe Count 0.5 
 Pump and flush (delay for decay) 12 
 Gas background 0.5 
Radon Count 0.5 
 Pump and flush (delay for decay) 2 
Total time  36.5 days 

 

A second constraint to the calibration is the importance of a very precise low-uncertainty 
measurement. Although the calibration method is usable for standard sample measurements because it 
determines the absolute activity present, standard samples typically have very low counting statistics and 
result in conditions that will bias the system. Consequently, it is desirable to determine the β-γ detection 
efficiency to very high accuracy in a calibration setting and avoid additional uncertainty terms. This high-
accuracy detection efficiency requires high counting statistics, and therefore high-activity samples. In 
general, the uncertainty inherent in a measurement due to the counting statistics is the square root of the 
number of counts in the ROI. Therefore, to obtain a 1% statistical uncertainty, more than 10000 net 
counts in the ROI are necessary because uncertainties propagate for each term subtracted (including 
background and any other interference terms).  

In all cases one must account for background radiation (see Eq. 6). This means that a shorter 
calibration sample count time is desirable to reduce the impact of the background term, which is 
estimated as being a constant activity source. Furthermore, the longer the time the calibration samples 
reside in the plastic scintillating β cell, the more radioxenon uptake there is (also known as memory 
effect). A typical memory effect for plastic β cells is 3% to 5%, but the actual percentage is dependent on 
residence times. These effects drive the sample activity and time limits at the point of introduction into 
the system.  

 Eq. 6 
∆𝐶𝐶 = 𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∗

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
 



 

1.10 
 

 

Finally, small amounts of contaminants are present in the samples. These contaminants are a very 
small fraction of the total activity, but begin to be observable in the data after several half-lives of the 
sample isotope of interest; therefore, the samples need to be measured in the β-γ detector relatively 
quickly based on the isotope half-life. For instance, 135Xe has a 9.14-hour half-life and has a small 133Xe 
contaminant with a 5.243-day half-life. This means that after two days the 133Xe will begin to influence 
the 135Xe calibration results. The presence of contaminants primarily affects 135Xe and 133mXe because of 
their shorter half-lives. Pacific Northwest National Laboratory recommends measurement of 135Xe within 
one day of irradiation to reduce this effect. 

The next four sections of this document systematically provide the calculations to determine the 
detection efficiencies for each isotope and region of interest. In this document the X-ray detected for each 
of the four isotopes will be referred to as 32-keV even though it is a sum of several X-rays and the 
branching ratio weighted mean energy can vary from 32-keV by ± 2-keV. γ-ray energy will be referenced 
as 81 or 250-keV when in fact they may be slightly higher or lower as seen in Figures 2.1, 3.1, 4.1, and 
5.1. 



 

2.1 
 

2.0 Detection Efficiencies for 133Xe 

The most complex isotope, in terms of decay structure, is 133Xe. It goes through a β decay followed 
by a prompt (6.27 ns) γ-ray decay (Figure 2.1). However, additional decay mechanisms come into play 
(Cooper et al. 2013a). The decay mechanisms are β/γ-ray, β/X-ray/CE, β/CE/AE, and β/CE. As of this 
report’s publication, the quad detector is unable to differentiate CE from β and X-ray from γ-ray, so there 
are three calculation methods (β, γ, and β-γ) for determining the total decays (∆N). Spectra showing the 
three channels of decay are shown in Figure 2.2. The equations in this section step through the process 
used to determine the detection efficiencies for the β-γ nuclear detector. Five basic equations represent the 
β-singles (Eq. 133-1), γ-singles (Eq. 133-2 and Eq. 133-3), and β-γ (Eq. 133-4 and Eq. 133-5) 
coincidence for the two primary decay signatures: 80-keV γ-ray and 30-keV X-ray. 
 

 
Figure 2.1.  Decay scheme from 133Xe to 133Cs with additional internal conversion decay process included 

(Cooper et al. 2013a) 



 

2.2 
 

 
Figure 2.2.  Typical 133Xe Calibration Spectra. The top plot is β-singles (blue) and the β projection of the 

β-γ spectrum (green). The right plot is γ-singles (blue) and the γ projection of the β-γ 
spectrum (green).  



 

2.3 
 

 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷+�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

  Eq. 133- 1 

 
Where, 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶45 ≅ 𝐵𝐵𝐵𝐵𝛾𝛾32 + 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴26 due to the 31.6-keV X-ray and 25.5-keV AE being the primary decay 

methods in coincidence with the 45-keV CE.  
 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

  Eq. 133- 2 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 3 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
=  𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
 Eq. 133- 4 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
 Eq. 133- 5 

 
Where 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸, and furthermore 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷 = �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)� 

 
𝐵𝐵𝐵𝐵𝛽𝛽𝛽𝛽81 ≅ 𝐵𝐵𝐵𝐵𝛾𝛾81 = 0.380 ± 0.007 
𝐵𝐵𝐵𝐵𝛽𝛽 = 0.999 ± 0.014 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶76 = 0.1041 ± 0.0016 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶45 = 0.56 ± 0.01 
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴26 = 0.057 ± 0.002 
𝐵𝐵𝐵𝐵𝛾𝛾32 = 0.488 ± 0.015 

 

The first step in determining the detection efficiency is to pick the simplest decay path. In the case of 
133Xe, the 80-keV γ-ray in coincidence with a β is the simplest path (contains the least number of radiation 
types and energies). Using Eq. 133-2 and 133-4, one forms Eq. 133-6. 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 6 

The β efficiency is calculated by comparing the observed 80-keV γ-ray decays with the 80-keV γ-ray 
decays in coincidence with the β decay.  

 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 Eq. 133- 7 

 
Since   𝜀𝜀𝛽𝛽𝛽𝛽 = 𝜀𝜀𝛽𝛽 ∙ 𝜀𝜀𝛾𝛾, Eq. 133-7 may be rewritten as Eq. 133-8 
 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 Eq. 133- 8 

 



 

2.4 
 

After canceling terms and solving for the β efficiency, Eq.133-8 can be simplified to Eq. 133-9. 
 

𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

   Eq. 133- 9 

Once the β efficiency has been calculated, the next step is to determine the more complicated decay 
efficiencies. The 30-keV X-ray is in coincidence with a β and CE. Once again, a comparison between 
γ-singles and β-γ observed decays is used to determine the detection efficiency for a 45-keV CE. Eq. 133-
10 can be written using Eq. 133-3 and Eq. 133-5. 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
  Eq. 133- 10 

 
Eq. 133-11 shows the cancellation of terms from Eq. 133-10 and the substitution of variable 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷. 
 

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

  Eq. 133- 11 

 
Eq. 133-12 through Eq. 133-14 show the regrouping of terms from Eq. 133-11, and arrive at the solution 
for the 45-keV CE efficiency shown in Eq. 133-15. 
 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

= 𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)  Eq. 133- 12 

 
1 − 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
= �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)  Eq. 133- 13 

 

𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 =
�𝟏𝟏−

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

�

�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�
  Eq. 133- 14 

 

𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 1 −
�𝟏𝟏−

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

�

�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�
  Eq. 133- 15 

The next step is to solve Eq. 133-1 and 133-2 in terms of the β-γ detection efficiency for the 81-keV 
region of interest (ROI-3). However, by assuming  

𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨,  Eq. 133- 16 

Eq. 133-1 becomes 
 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

= 𝑪𝑪𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷+�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

 Eq. 133- 17 

Setting Eq. 133-15 equal to Eq. 133-16 results in Eq. 133-17. After combining terms in Eq. 133-17 
one arrives at Eq. 133-18. 



 

2.5 
 

𝑪𝑪𝜷𝜷 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 ∙

⎣
⎢
⎢
⎢
⎡
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷 + �

𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪) ∙ (𝟏𝟏 − 𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

⎦
⎥
⎥
⎥
⎤
 Eq. 133- 18 

 
Eq. 133-19 is determined by solving Eq. 133-18 in terms of the 81-keV β-γ efficiency. 

𝜀𝜀𝛽𝛽𝛽𝛽𝛽𝛽3 =

𝐶𝐶𝛽𝛽𝛽𝛽𝛽𝛽3∙

⎣
⎢
⎢
⎢
⎡
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷+�

𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

⎦
⎥
⎥
⎥
⎤

𝐵𝐵𝐵𝐵𝛾𝛾81∙𝐶𝐶𝛽𝛽
 Eq. 133- 19 

Once the β-γ detection efficiency has been determined for ROI-3, it can be used to calculate the total 
number of 133Xe decays, ∆N, which is then used to determine the remaining detection efficiency terms for 
133Xe. The remaining equations march through the efficiency calculations, keeping the variables in terms 
of basic quantities (i.e., counts in a given ROI). The next decay involves the X-rays that have an average 
energy of 32-keV X-ray in coincidence with a 45-keV CE and the β. Using the result of Eq. 133-19 and 
the ratio between Eq. 133-4 and Eq. 133-5, one arrives at Eq. 133-20 and Eq. 133-21. 

 
∆𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
 Eq. 133- 20 

 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 21 

 
∆𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 22 

 
𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 23 

 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷 = 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 24 

 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷 = 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 25 

 

Note that ROI-7 is a special case in that the defined energy boundaries make an excluded region, 
which is used to select observed decays that will not be affected by the presence of metastable isotopes 
(i.e., excludes ROI-5 and ROI-6). The efficiencies and interference ratios associated with ROI-7 are 
actually ROI-7 subtracted from ROI-4. Furthermore, the gamma efficiency for the region of interest 
(ROI-47) defined as ROI-4 – ROI-7 uses 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 for the gamma efficiency, but has an independently 
determined beta efficiency. 

 
∆𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝑹𝑹𝑹𝑹𝑹𝑹∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133- 26 



 

2.6 
 

𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 133- 27 

 



 

3.1 
 

3.0 Detection Efficiencies for 131mXe 
131mXe is the cornerstone for β-γ calibration because of its relatively simple signature, Gaussian 

distribution in both γ and β. Although the signature is easily fit with Gaussian peaks, the β single events 
do hide some underlying complexity. 131mXe decays through CE and X-ray/CE (Figures 3.1 and 3.2).  

 
Figure 3.1.  Decay scheme from 131mXe to 131Xe with additional internal conversion decay processes 

included 



 

3.2 
 

 
Figure 3.2.  Typical 131mXe calibration spectra. The top plot is of β-singles (blue) and the β projection of 

the β-γ spectrum (green). The right plot is of γ-singles (blue) and the γ projection of the β-γ 
spectrum (green). 

Noting that 𝜀𝜀𝛽𝛽𝛽𝛽 = 𝜀𝜀𝛽𝛽 ∙ 𝜀𝜀𝛾𝛾. 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪

            Eq. 131m- 1 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 131m- 2 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏+𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐∙[𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐)] Eq. 131m- 3 



 

3.3 
 

However, since 129-keV and 160-keV CE are nearly the same energy, the efficiencies should be 
nearly the same, for this reason 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪.   

The branching ratios for 131mXe are given as follows: 

 
𝐵𝐵𝐵𝐵𝛽𝛽𝛽𝛽 = 𝐵𝐵𝐵𝐵𝛾𝛾30 = 53.8% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶129 = 61.6% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶160 = 35.5% 
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴25 = 6.9% 
𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶129 + 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶160 = 97.1% 

 

Therefore, Eq. 131m-3 can be simplified to only contain efficiency terms for the 129-keV CE and the 
24.6-keV AE (see Eq. 131m-4). 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷
�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸�∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐∙[𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐)] Eq. 131m- 4 

Just as in the 133Xe case, 131mXe detection efficiency is calculated by the process of creating ratios 
between the different total decay equations (Eq. 131m-1 through Eq. 131m-4). The first ratio is between 
the γ-singles and the coincidence (ROI-5). 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝐑𝐑𝐑𝐑
𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏

= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 131m- 5 

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

= 𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏
𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 131m- 6 

After combining terms and simplifying, the resulting detection efficiency for the 129-keV CE is 
determined. 

𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 131m- 7 

The next step is to determine the 30-keV X-ray detection efficiency through the ratio of the β-singles 
to the coincidence. This step is more complicated because the equations leverage almost all of the physics 
involved; the counts associated with the β-singles needed an extended range to incorporate both the 24.6-
keV AE as well as the 160-keV CE (it does not use the defined ROI boundaries). Taking Eq. 131m-1 and 
Eq. 131m-4, one arrives at Eq. 131m-8. 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

= 𝑪𝑪𝜷𝜷
�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸�∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐)�

 Eq. 131m- 8 

After recombining terms, 

𝑩𝑩𝑩𝑩𝜸𝜸𝟑𝟑𝟑𝟑 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏 ∙ 𝑪𝑪𝜷𝜷 = �
�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 + 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸� ∙ 𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏 +

𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐 ∙ �𝟏𝟏 − (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏) ∙ (𝟏𝟏 − 𝜺𝜺𝑨𝑨𝑨𝑨𝟐𝟐𝟐𝟐)�
� ∙ 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 Eq. 131m- 9 

 



 

3.4 
 

Because the 24.6-keV AE has very little impact to the overall detection of 131mXe (there is only 0.7% 
difference between 0 % and 100 % efficiency), it is safe to assume it has a similar efficiency to the 129-
keV CE. Under this assumption Eq. 131m-9 further simplifies to produce the final equation in 
determining the X-ray detection efficiency for 131mXe, Eq. 131m-10. 

 

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 =
�
�𝑩𝑩𝑩𝑩𝐶𝐶𝐶𝐶160+𝑩𝑩𝑩𝑩𝛾𝛾30�∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+
𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)𝟐𝟐�

�∙𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝑪𝑪𝜷𝜷
 Eq. 131m- 10 

 



 

4.1 
 

4.0 Detection Efficiencies for 133mXe  
133mXe has similar characteristics to 131mXe; however, unlike 131mXe, its ground state (133Xe) is 

unstable (Figures 4.2 and 4.3). Since it decays to 133Xe, there is a continuous source of interference for the 
133mXe efficiency measurement. Removal of the 133Xe from 133mXe relies on both the 133mXe (with 133Xe) 
and pure 133Xe. The subtraction process normalizes the 133Xe spectra (β, γ, and β-γ) using a ratio of the 
80-keV γ peak from the 133Xe to the 80-keV γ peak from 133Xe contaminant in the 133mXe. The normalized 
133Xe spectra are then subtracted from the 133mXe spectra to arrive at nearly pure 133mXe data. 

Once the subtraction is made (and uncertainty propagated), the remaining calculations become nearly 
identical to those done for 131mXe. The following calculations are written assuming 133mXe has been 
deconvolved from the 133Xe. Initial equations will once again calculate the total number of decays 
(Eq. 133m-1 through Eq. 133m-4) based on the three signatures: β-singles, γ-singles, and β-γ coincidence. 

 
Figure 4.1.  Decay Scheme from 133mXe to 133Xe with Additional Internal Conversion Decay Processes 

Included 



 

4.2 
 

 
Figure 4.2.  Typical 133mXe Calibration Spectra. The top plot is of β-singles (blue) and the β projection of 

the β-γ spectrum (green). The right plot is of γ-singles (blue) and the γ projection of the β-γ 
spectrum (green). 

𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

 Eq. 133m- 1 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133m- 2 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷

𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙[𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)] Eq. 133m- 3 



 

4.3 
 

The 199-keV CE is in coincidence with the 30-keV X-ray and is therefore relatively easy to calculate. 
Once the 199-keV CE efficiency is determined, it will be assumed that the 229-keV CE and 24.6-keV AE 
have similar efficiencies. This assumption is possible for the AE efficiency because it has very little 
impact on the overall 133mXe β-γ efficiency. In other words, whether the 24.6-keV AE is 0% or 100%, 
there is less than a 1% change to the overall 133mXe detection efficiency. This is can be seen based on the 
relatively small branching ratio as can be seen below. 

 
𝐵𝐵𝐵𝐵𝛾𝛾233 = 10.3% 
𝐵𝐵𝐵𝐵𝛽𝛽𝛽𝛽 = 𝐵𝐵𝐵𝐵𝛾𝛾32 = 56.32% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶199 = 63.1% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶229 = 26.86% 
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴25 = 6.828% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶 = 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶199 + 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶229 = 89.96% 
 

The detection efficiency for the 199-keV CE is determined by the ratio of the γ-singles (in this case it 
is actually X-rays), Eq. 133m-2, and the β-γ coincidence (X-ray coincident with CE), Eq. 133m-1. 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133m- 4 

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 ∙ 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 Eq. 133m- 5 

Since, 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸, 

Then, 
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 ∙ 𝜺𝜺𝜸𝜸𝑹𝑹𝑹𝑹 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 ∙ 𝜺𝜺𝜸𝜸𝑹𝑹𝑹𝑹 Eq. 133m- 6 

Eq. 133m-6 is solved in terms of 𝜀𝜀𝐶𝐶𝐶𝐶199, arriving at Eq. 133m-7. 
𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 133m- 7 

Once the 199-keV CE detection efficiency is known, it is time to determine the detection efficiency 
for the 30-keV X-ray by setting the total number of decays calculated through β-γ coincidence and β-
singles equal to each other. 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜷𝜷

�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

 Eq. 133m- 8 

Eq. 133m-8 can be simplified by setting, as described earlier, the 229-keV CE and 24.6-keV AE 
detection efficiencies equal to the 199-keV CE detection efficiency, 
  



 

4.4 
 

 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨. 

 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜷𝜷

�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
�

 Eq. 133m- 9 

After the substitution, Eq. 133m-9, the equation can combine terms to arrive at Eq. 133m-10. 

 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜷𝜷

�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸�∙𝜺𝜺𝑪𝑪𝑪𝑪𝟏𝟏𝟏𝟏𝟏𝟏+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙[𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)𝟐𝟐] Eq. 133m- 10 

After some additional arranging Eq. 133m-10 becomes Eq. 133m-11. 

 

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝑹𝑹𝑹𝑹 ∙ 𝑪𝑪𝜷𝜷 = �
�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 + 𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸� ∙ 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 ∙ (𝟏𝟏 − (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)𝟐𝟐)
� ∙ 𝑪𝑪𝜷𝜷𝜷𝜷𝑹𝑹𝑹𝑹 Eq. 133m- 11 

Since, 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 ∙ 𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸  

Then, Eq. 133m-11 becomes Eq. 133m-12 

 

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸 =
�
�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸�∙𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪
+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)𝟐𝟐�

�∙𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝑪𝑪𝜷𝜷
 Eq. 133m- 12 

 



 

5.1 
 

5.0 Detection Efficiencies for 135Xe 

The final xenon isotope used in the efficiency calibration is 135Xe. It is usually the first isotope 
measured in the calibration procedure because of its short half-life. The detection efficiency of  135Xe is 
one of the easiest to calculate because it has one dominate decay that has a 249.77-keV γ-ray in 
coincidence with the β decay (Figures 5.1 and 5.2).  

 
 

 
Figure 5.1.  Decay Scheme from 135Xe to 135Cs with Additional Internal Conversion Decay Processes 

Included 



 

5.2 
 

 
Figure 5.2.  Typical 135Xe Calibration Spectra. The top plot is of β-singles (blue) and the β projection of 

the β-γ spectrum (green). The right plot is of γ-singles (blue) and the γ projection of the β-γ 
spectrum (green). 

 

For the purposes of the efficiency calibration all three signatures: γ-singles, β-singles, and β-γ 
coincidence are used (Eq. 135-1 through Eq. 135-5).  

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 1 



 

5.3 
 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 2 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷+�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

 Eq. 135- 3 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝜷𝜷)∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
 Eq. 135- 4 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 5 

Because the AE has a 0.6% branching ratio (see the branching ratios given below), it provides an 
insignificant contribution to the overarching 135Xe detection efficiency. Therefore, the detection efficiency 
for the 25.5-keV AE will be assumed to be the same as for the 214-keV and 245-keV CE. 

 
𝐵𝐵𝐵𝐵𝛽𝛽𝛽𝛽250 ≅ 𝐵𝐵𝐵𝐵𝛾𝛾250 = 90.0% 
𝐵𝐵𝐵𝐵𝛾𝛾32 = 4.95% 
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴26 = 0.6% 
𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶245 = 1.12% 

Because the 250-keV is coincidence with only a β, it provides and easy mechanism to determine the β 
efficiency for 135Xe. By setting Eq. 135-1 and Eq. 135-2 equal, one is able to determine the β efficiency. 

 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 6 

After solving Eq. 135-6 for 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷, one arrives at Eq. 135-7. 

 
𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 7 

By substituting 𝜀𝜀𝛽𝛽𝛽𝛽250 = 𝜀𝜀𝛽𝛽 ∙ 𝜀𝜀𝛾𝛾250 and canceling terms one gets Eq. 135-8 and Eq. 135-9. 

 
𝜺𝜺𝜷𝜷 ∙ 𝜺𝜺𝜸𝜸𝑹𝑹𝑹𝑹 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝑹𝑹𝑹𝑹

𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙
 Eq. 135- 8 

𝜺𝜺𝜷𝜷 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

  Eq. 135- 9 

Now that the β efficiency has been determined, the next step is to determine the detection efficiency 
for the 214-keV CE by setting the 32-keV β-γ and γ-singles total decay equations (Eq. 135-4 and Eq. 135-
5) equal. 
𝚫𝚫𝑵𝑵 = 𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝜷𝜷)∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
 Eq. 135- 10 



 

5.4 
 

Eq. 135-10 simplifies through cancelation of terms. 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−(𝟏𝟏−𝜺𝜺𝜷𝜷)∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
= 𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜸𝜸𝜸𝜸𝜸𝜸
. Eq. 135- 11 

Then, Eq. 135-11 can be rewritten as Eq. 135-12. 
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

= 𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪) Eq. 135- 12 

After solving Eq. 135-12 one arrives at Eq. 135-13, which will be used to simplify the β-singles 
equations for the remaining calculations. 

 

𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 = 𝟏𝟏 −
�𝟏𝟏−

𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
𝑪𝑪𝜸𝜸𝜸𝜸𝜸𝜸

�

�𝟏𝟏−𝜺𝜺𝜷𝜷�
 Eq. 135- 13 

 
The next step is to determine the 250-keV γ efficiency by setting Eq. 135-1 equal to Eq. 135-3. 
 

𝚫𝚫𝑵𝑵 =
𝑪𝑪𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷𝜷𝜷𝜷𝜷
 

      = 𝑪𝑪𝜷𝜷

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷+�
𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)∙(𝟏𝟏−𝜺𝜺𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨)�
�

 Eq. 135- 14 

Which in turn simplifies Eq. 135-14. 

 

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷𝜷𝜷R2 ∙ 𝑪𝑪𝜷𝜷 =

⎣
⎢
⎢
⎢
⎡

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸 ∙ 𝜺𝜺𝜷𝜷
+𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�

+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 ∙ �𝟏𝟏 − �𝟏𝟏 − 𝜺𝜺𝜷𝜷� ∙ (𝟏𝟏 − 𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)2�⎦

⎥
⎥
⎥
⎤

∙ 𝑪𝑪𝜷𝜷𝜷𝜷R2  Eq. 135- 15 

After combining terms and recalling that 𝜀𝜀𝛽𝛽𝛽𝛽250 = 𝜀𝜀𝛽𝛽 ∙ 𝜀𝜀𝛾𝛾R2 Eq. 135-15 becomes Eq. 135-16, the final 
250-keV γ efficiency equation. 

 

𝜺𝜺𝜸𝜸R2 =
�

𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝜺𝜺𝜷𝜷

+�𝑩𝑩𝑩𝑩𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪+𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸�∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)�
+𝑩𝑩𝑩𝑩𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨∙�𝟏𝟏−�𝟏𝟏−𝜺𝜺𝜷𝜷�∙(𝟏𝟏−𝜺𝜺𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)2�

�∙𝑪𝑪𝜷𝜷𝜷𝜷R2

𝜺𝜺𝜷𝜷∙𝑩𝑩𝑩𝑩𝜸𝜸𝜸𝜸𝜸𝜸𝜸𝜸∙𝑪𝑪𝜷𝜷
 Eq. 135- 16



 

6.1 
 

6.0 Energy Resolution 

The full width at half maximum (FWHM) of the peaks found in Table 1.2 must also be determined to 
create a relationship between the detector energy and the resolution.  The FWHM and uncertainty in units 
keV of at least two points in the β energy must be found and six points in the γ energy.  To determine the 
resolutions, a Gaussian must be fitted to each peak where 

𝑓𝑓(𝐸𝐸) = 𝑎𝑎𝑒𝑒−(𝐸𝐸−𝜇𝜇𝜇𝜇)2 2𝜎𝜎𝜎𝜎2⁄  , Eq. 6–1 

where α is the amplitude of the peak, μ is the centroid of the peak, and σ is the variance.  The FWHM is 
related to the variance of the Gaussian by 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = 2√2𝑙𝑙𝑙𝑙2𝜎𝜎 ≈ 2.35482𝜎𝜎. Eq. 6–2 

The two β points are determined from 131mXe and 133mXe conversion electrons.  It is not recommended 
to use the 45-keV CE from 133Xe as there may be clipping on the lower end of the peak due to detector 
threshold limits that will affect the FWHM calculations.  Fitting the 131mXe CE β peak at 129.4 keV 
should be done using only the projection of the ROI 5 onto the β axis.  This will reduce any broadening of 
the Gaussian peak due to Compton scattering and ensure a more accurate FWHM calculation.  
Additionally, the β-singles spectrum of 131mXe also contains several other peaks around 160 keV.   
Although these CEs are coincident with x-rays, the x-rays are at low energies of 3.7 keV and 5.3 keV 
(𝐸𝐸� ≈ 4.5 keV) and are not present in the coincident spectrum.  The additional peaks broaden the β-singles 
spectrum as seen in Figure 3.2.  Higher resolution β detectors such as silicon should be able to 
differentiate these peaks, but plastic scintillators will not.  
 

Determine the FWHM of the 133mXe CE at 198.6 keV requires a little more attention due to the 
presence of 133Xe in the sample.  Similar to 131mXe, the coincidence spectrum must be used for the fit to 
eliminate the higher energy CEs that are present from 133mXe.  The β-singles spectrum contains peaks 
from the 227.8 keV L-shell CE and 232 M-shell CE.  Deconvolution of the 133mXe peak from the 133Xe 
spectrum requires the use of the isotopically pure 133Xe spectrum.  The projection of the 30-keV 133Xe 
spectrum (ROI 4) can be normalized to the 133mXe spectrum by looking at a ratio of counts in the 80-keV 
region.  The β spectrum from the 133Xe can then be subtracted to reveal the 133mXe CE spectrum.  A 
Gaussian can then be fitted to this peak to determine the FWHM. 
 

Determining the FWHM of γ-ray peaks is straightforward.  Use of the coincidence spectrum reduces 
the background spectrum but is typically unnecessary due to the shortened length of the calibration count.  
The measurement of all radionuclides are required to complete the energy resolution measurement.  The 
661.7 keV energy peak from 137Cs is not be used as a measurement for resolution as it does not accurately 
represent γ emitted from a source in the β-cell.





 

7.1 
 

7.0 Conclusion 

The absolute calibration method, although generally known, is new in the application to radioxenon 
β-γ detectors. Previous calibration techniques rely upon known standards that are often difficult to use 
because of the levels of activity and constraints on what isotopes are available. The absolute method 
removes some of these difficulties by no longer requiring standards. Instead, the method relies on the 
isotopic purity of the samples (efforts are ongoing to remove purity as a constraint). 

The method leverages the three combinations of data generated by a β-γ detector: γ-singles, β-singles, 
and β-γ coincidence. By intelligently analyzing the data sets, one is able to take advantage of the most 
significant physics contributions to make a model that results in the determination of the total number of 
decays in a given measurement. Given the total number of decays, determining the detection efficiency 
for each decay path is a relatively process.  The advantage of this method is that it allows accurate 
efficiency calculations without knowing the sample activity in advance while reducing the sources of 
uncertainty. 
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