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Summary 

The influence of initial carbide particle distribution features on the evolution of particle and stringer 

distribution within U-10Mo alloy during hot rolling was investigated in this study. This work will provide 

guidance to casting optimization work and identify actionable process changes to eliminate the surface 

features directly attributed to carbides. Various synthetic microstructure-based finite-element (FE) models 

were generated with consideration of different parameters (i.e., particle shape, particle volume fraction 

and particle distribution). Plane-strain compression loading was employed in the FE models to simulate 

hot rolling to 40% and 80% reductions. Stringer statistics analyses and two-point correlation functions 

were then performed with the simulated hot-rolling results.  

The results from stringer analyses show that stringer volume fraction substantially increases with 

increased rolling reduction for microstructure with particles distributed along grain boundaries, and that 

microstructures with elliptical particles may have slightly higher stringer volume fractions than those with 

circular particles. The results also show that the maximum stringer length can increase substantially with 

increased rolling reduction for microstructures with elliptical particles along grain boundaries, and that 

the microstructures with higher-aspect-ratio elliptical particles may have higher stringer volume fraction 

and higher maximum stringer length. Near-surface numbers of particles and particle volume fractions also 

increase with increased rolling reduction. The results from application of the two-point correlation 

function show that the particle shape (i.e., circular or elliptical) may not have significant influence on the 

overall shapes of the correlation curves, and that the correlation curves tend to show higher peaks at short 

distance and then gradually decrease for microstructures with higher particle volume fractions and 

particles distributed along grain boundaries. 
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1.0 Introduction 

Since the 1980s, the U.S. Department of Energy’s United States High Performance Research Reactor 

(USHPRR) Conversion Program has investigated low-enriched uranium (LEU) as an alternative to high-

enriched uranium. Because of its high density and favorable performance during fabrication and 

irradiation, uranium alloyed with 10 wt% molybdenum (U-10Mo) has been identified as the most 

promising candidate LEU fuel [1-3]. U-10Mo alloy fabrication involves a complex series of material 

processing steps, including casting, homogenization, hot roll bonding of a zirconium interlayer, cold 

rolling, annealing, and hot isostatic pressing (HIP) [4, 5].  Various analysis and modeling methods have 

been developed for many of these individual processes [6-9] 

Generally, the as-cast U-10Mo alloys include second-phase carbide particles in their matrix region. Hot 

rolling and cold rolling are then performed to reduce the thickness of as-cast alloys, improve their 

strength, and optimize their microstructures. During such processing, the particles in the initial 

microstructures are likely to align along the rolling direction and form clustered particles, or stringers. 

The stringers or stringer-type particle clusters provide a possible propagation path for cracks or fractures, 

which reduces the material’s resistance to damage [10, 11].  

Hu et al. [12-14] studied the correlation between particle volume fraction (PVF), stringer volume fraction 

(SVF), and stringer length in aluminum alloys by generating microstructure-based finite-element (FE) 

models, and they elucidated the effects of stringers on the local fracture strain. Recently, Cheng et al. [10] 

investigated the effect of secondary carbide particles and stringers on the microstructural evolution of U-

10Mo alloys after rolling and recrystallization using actual microstructure-based FE models. Six material 

samples were selected for their study, which may not provide enough information on the influence of 

particle distribution features on the microstructural evolution during rolling.  

As presented in Cheng et al. [10], the particle size, distribution, and volume fraction in U-10Mo alloys 

can be quite different depending on the employed thermomechanical process, and it is expected that the 

final carbide particle distributions can have direct effects on the fuel performance. It is therefore 

important to control the particles in the initial microstructures to obtain the desired material performance 

after hot rolling [15-19]. In order to obtain the desired initial microstructures, we need to have 

fundamental understanding of the general influence of initial microstructural features on the 

microstructural evolution during subsequent fabrication processes. 

In this report, the influence of initial carbide particle distribution features on the evolution of particle 

distribution and stringer distribution within U-10Mo alloy during hot rolling is investigated using 

synthetic microstructure-based FE models. For this purpose, the average of carbide particle size 

distribution was first determined from analyses of three actual U-10Mo alloy samples. With the obtained 

particle size distribution, various synthetic microstructure-based FE models were then generated with 

consideration of additional parameters (i.e., PVF, particle shapes, and particle distributions). Plane-strain 

compression loading was employed in the FE models to simulate the hot rolling process down to 40% and 

80% reductions. Stringer statistics analyses and two-point correlation functions (2PCFs) were then 

performed on the simulated results. SVFs, maximum stringer lengths, and 2PCF curves were compared 

among the models with different initial microstructural features. Evolution of near-surface particle 

distributions during rolling were also examined. Finally, conclusions based on the results of these 

investigations were made and future work is also presented. 
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2.0 Finite-Element Modeling 

2.1 Model Description 

Three different U-10Mo samples with varied carbide particle concentrations, distributions, and sizes were 

used in this study to obtain the average features of the particle size and its distribution. Figure 1 shows 

scanning electron microscopy (SEM) images of the three samples; each image presents a 1200 µm 

(width) by 900 µm (height) region in the as-cast and homogenized alloys [10, 20]. The bright regions are 

the individual U-10Mo grains and the dark spots are carbide particles. As shown in the figure, the volume 

fractions, sizes, morphologies, and distributions of particles are quite different among the samples 

because of the different heat treatment parameters and compositions of the samples. Image analyses, 

based on in-house MATLAB codes, were conducted to calculate the particle size distributions within the 

three samples. Figure 2 shows the particle size distributions in the form of probability density functions. 

As shown in the figure, the samples appeared to show similar particle size distributions: small-sized 

particles (i.e., radius < ~3 µm) are quite dominant, with much lower probability of large-sized particles. 

The calculated particle size distributions were approximated using the log-normal distribution that is 

defined in Equation (1):  

 𝑓(𝑥 | 𝜇, 𝜎) =
1

𝑥𝜎√2𝜋
exp (

−(ln 𝑥−𝜇)2

2𝜎2 ) (1) 

where 

 𝜇 = ln (
𝑚

√1+
𝑣

𝑚2

) (2) 

 𝜎2 = ln (1 +
𝑣

𝑚2) (3) 

Here, m and v can denote the mean and variance of the particle radius values. The log-normal distribution 

with m = 1.7, v = 1 is also plotted in Figure 2, and captures well the overall particle size distribution 

features of the three samples. The detailed processing/history of the samples can be found in the report by 

Nyberg et al. [19, 21]. 

   
                  (a)                                                    (b)                                                    (c) 

Figure 1. SEM images showing the initial as-cast and homogenized microstructures of three samples: (a) 

Sample 1, (b) Sample 2, and (c) Sample 3. 
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Figure 2. Actual particle size distributions in the three samples compared to a log-normal distribution. 

With the approximated particle size distribution (i.e., log-normal distribution with m = 1.7, v = 1), 

additional parameters are also considered in generating synthetic microstructures. As listed in Table 1, 

three different PVFs (0.5, 1.0, and 2.0 %), two different particle shapes (circular and elliptical), and two 

different particle distributions (random and along grain boundaries) are considered in this study. Twelve 

different microstructural features can be generated based on the variations of parameters listed in Table 1. 

A MATLAB code was developed to generate the synthetic microstructures based on the features in the 

table.  

Figure 3 shows the particle size distribution adopted in generating the synthetic microstructures. As 

shown in the figure, the particle size followed the same log-normal distribution as approximated in Figure 

2, and the particle radius was bounded between 1 µm and 9 µm. Actual grain boundary information was 

also needed for generating the synthetic microstructures with particles along grain boundaries. Figure 4 

shows the actual grain structures of a U-10Mo sample; this image was used for extracting the information 

on grain boundaries and their directions. The extracted information was then applied for seeding the 

particles along the grain boundaries.  

Table 1. Model description for synthetic microstructure-based models. 

Parameter Variation 

Initial model size 1182 × 887 µm2 (pixels) 

Particle volume fraction (PVF) 0.5%, 1.0%, 2.0% 

Particle size distribution log-normal distribution (m = 1.7, v = 1) 

Particle shape Circle, ellipse 

Particle distribution Random, along grain boundaries 
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Figure 3. Log-normal distribution and bounds of particle size used in generating synthetic microstructure-

based models. 

 

Figure 4. The image used for extracting the grain boundary information. 

2.2 Synthetic Microstructure-Based Models 

Figure 5 and Figure 6 are examples of the generated synthetic microstructures with the twelve different 

microstructural features listed in Table 1. The size of all the microstructures in the figures is 1182 × 887 

µm2 (pixels) as noted in Table 1. Figure 5 shows the microstructures with random particle distributions 

with three different PVFs (i.e., 0.5%, 1.0%, and 2.0%) for circular and elliptical particles. Figure 6 shows 

the microstructures with the particles along the grain boundaries with three different PVFs (i.e., 0.5%, 

1.0%, and 2.0%) for circular and elliptical particles. Note here that, for the microstructures with the 

elliptical particles, about 30% of the particles are circular while the others are elliptical with the aspect 

ratio of 1~2, and the grain boundary directions shown in Figure 4 were used to assign the directions of 

major axes of the elliptical particles. It can also be seen in Figure 5 and Figure 6 that the microstructures   
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         (a)                                                                            (d) 

    
                                         (b)                                                                            (e) 

    
                                        (c)                                                                             (f) 

Figure 5. Examples of synthetic microstructures with random particle distributions: (a), (b), (c) circular 

particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical particles with 

0.5%, 1.0%, and 2.0% PVF, respectively.  
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         (a)                                                                            (d) 

    
                                         (b)                                                                            (e) 

    
                                        (c)                                                                             (f) 

Figure 6. Examples of synthetic microstructures with particles distributed along grain boundaries: (a), 

(b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) 

elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively. 
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with elliptical particles have exactly the same particle distributions (i.e., locations) as those of the 

corresponding microstructures with circular particles. This way, it is expected that the pure effects of 

particle shape on the evolution of particle distribution during hot rolling can be better investigated. In this 

study, five different microstructures were generated for each microstructural feature in order to obtain 

average results for each feature. 

2.3 Hot Rolling Simulation 

Simple plane-strain compression simulation was used in a recent study of the evolutions of particle 

distribution during multi-pass hot rolling of an annealed U-10Mo coupons [10, 20]. All the generated 

microstructures shown in Figure 5 and Figure 6 were converted to plane-strain FE models. Each pixel (1 

× 1 µm2) in a microstructure image was represented by one element in the FE models. The commercial 

FE code ABAQUS/Explicit was used for the simulations in this study. A multipoint constraint was 

applied to keep the right and left edges of the model straight vertically during the compression (i.e., 

rolling) process. The flow behavior of the matrix material was assumed to be isotropic with an elastic 

modulus of 65 GPa; the flow curve adopted in the simulation is presented in Figure 7 [20]. The particles 

were assumed to be purely elastic and only the elastic modulus of 225 GPa was used in the simulation.  

In this study, simulations for two-step rolling reductions (i.e., 40% and 80%) were conducted. Possible 

fracture of the particles was not considered in the simulations, as the samples were assumed to undergo 

hot rolling. After the first 40% rolling reduction from the initial microstructure, the resulting 

microstructures (~1967 × 532 µm2) with the redistributed particles were remeshed using 1 × 1 µm2 

elements for the next-step rolling simulation. The samples after 40% rolling reduction were assumed to 

undergo an annealing treatment and become free of any internal residual stresses. Therefore, the same 

flow stress curve shown in Figure 7 could also be adopted in the second rolling from 40% to 80% rolling 

reduction. After 80% rolling reduction, the resulting microstructures (~5785 × 178 µm2) were also 

remeshed using 1 × 1 µm2 elements for the purpose of particle distribution analysis. Note that, for most of 

the microstructures with large PVF (i.e., ~2%), the second rolling simulations (i.e., 40% to 80%) could 

not be completed in a single step due to severe mesh distortions in matrix regions between the carbide 

particles. For these microstructures with large PVFs, remeshing the intermediate microstructure at ~70%  

 

Figure 7. Flow curve used for U-10Mo matrix material during hot rolling. 
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rolling reduction was conducted to bypass the mesh distortion issues, and then a third rolling simulation 

from ~70% to 80% reduction could be performed. It is pointed out here that, when the intermediate 

microstructures at ~70% rolling reduction were remeshed, the equivalent plastic strain distributions in 

matrix regions were also interpolated and calculated for the remeshed elements. These newly calculated  

     
     (a)                                                                                   (b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 8. Particle distributions in the example models with circular particles and PVF of 1%: (a), (c), (e) 

random particle distribution for initial condition (1182 × 887 µm2), and after 40% (1967 × 532 

µm2) and 80% (5785 × 178 µm2) rolling reductions, respectively; (b), (d), (f) particle 

distribution along grain boundaries for initial condition (1182 × 887 µm2), and after 40% (1967 

× 532 µm2) and 80% (5785 × 178 µm2) rolling reductions, respectively.  
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equivalent plastic strain distributions had to be used as the initial conditions for the simulations of the 

third rolling reduction since an annealing treatment is not assumed at ~70% rolling reduction. 

Figure 8 shows the particle distributions after each rolling process in example models with circular 

particles and 1% PVF for random particle distribution and particle distribution along grain boundaries. As 

shown in the figure, with progressive rolling reduction, these carbide particles redistribute and tend to 

align as stringers along the rolling direction. It is well known that the redistribution of carbides can 

influence the recrystallization during annealing treatment. The recrystallization of multiple grains is not in 

the scope of this study. In order to better understand the influence of different microstructural features and 

rolling reductions on the evolution of particle distribution, it is important to obtain statistical analysis of 

the particle distributions for different microstructures undergoing rolling reductions.  

 

3.0 Results and Discussion 

3.1 Carbide Particle Distribution Analysis 

As mentioned above, carbide particles redistribute with progressive rolling, and tend to align as stringers 

along the rolling direction. The influence of different microstructural features on the evolution of particle 

distribution with rolling process is of interest in this study. For this purpose, two major statistical analyses 

have been performed here: (1) the stringer statistical analyses and (2) 2PCFs. As the stringer evolution is 

of more interest in this study, this section is focused on discussing the results of stringer analyses. The 

results of 2PCFs will be introduced in Appendix section. 

3.1.1 Stringer Evolution during Hot Rolling 

The stringers or stringer-type particle clusters provide a possible propagation path for cracks or fractures, 

which lowers the damage resistance ability of the materials [10, 11]. It is therefore important to control 

the particles in the initial microstructures to obtain the desired material performance after hot rolling. In 

this study, the effects of different microstructural features on their SVF and stringer length are examined. 

A stringer identification criterion was determined in previous studies using post-necking modeling [10, 

20]. The criterion is briefly introduced here. Each particle within the microstructures was approximated 

by an ellipse, as shown in Figure 9(a), using a MATLAB code, as follows. First, the coordinates of the 

center point for the ellipse were calculated by averaging the coordinates of all points (i.e., pixels) in the 

particle. The major axis was then determined by the two points within the particle that have the longest 

distance between them. The rotated angle (i.e., angle between the major axis and the horizontal axis) was 

also calculated using the two points with the largest separation (i.e., longest distance). The length of the 

minor axis was then calculated by dividing the area of the particle by the length of the major axis. For the 

purpose of identifying a stringer, as shown in Figure 9(b), a line was first drawn to connect the center 

points of two particles. The angle between the connecting line and the horizontal direction is defined as 𝜃, 

the line segments within particle 1 and particle 2 are defined as  𝑟1 and 𝑟2, respectively, and the distance 

between the two particle centers is defined as 𝑑. The angles for angular misalignment between the 

particles are kept the same as those in ASTM E45-05 at 10° [22]. Because the critical distance d between 

two particles was estimated as 5 times the sum of the two radii, the stringer identification criterion can be 

defined as follows: 
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Figure 9. (a) A sketch showing the approximation of particles using ellipses and (b) a sketch of stringer 

identification criteria used in this study. 

 𝜃 ≤ 10° (4) 

 𝑑 ≤ 5 ∗ (𝑟1 + 𝑟2) (5) 

If two particles are found to satisfy the criterion listed above, that pair of particles is considered a two-

particle stringer. After the criterion above is applied to all the particles within the microstructure, all the 

two-particle stringers can be identified, and a list of two-particle stringers with the particle labels is then 

obtained. Note that, if one particle is found in different two-particle stringer pairs, the list is to be adjusted 

by merging two-particle stringers that include the same particle. Thus, a new stringer list, including three 

or more particles, can be finally obtained. 

Stringer analyses were conducted for all the initial microstructures with different features as well as the 

corresponding deformed microstructures after 40% and 80% rolling reduction. Note that, similar to the 

application of 2PCF, stringer analyses were also conducted with the remeshed microstructure data (i.e., 

1967 × 532 pixels and 5785 × 178 pixels) after rolling reduction. Figure 10 shows example results of 

stringer analysis. The microstructure here is deformed by 40% rolling reduction and has 2% PVF of 

circular particles along the grain boundary, as shown in Figure 10(a). Figure 10(b) shows the distribution 

of particles that were identified as stringers based on the criterion in Equations (𝜃 ≤ 10° (4) and (𝑑 ≤
5 ∗ (𝑟1 + 𝑟2) (5). The total number of detected stringers is 128, and the calculated SVF is 38.5%. Here, 

SVF is defined as  

 Stringer volume fraction =
𝑣𝑜𝑙𝑢𝑚𝑒 𝑓𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑑 𝑎𝑠 𝑠𝑡𝑟𝑖𝑛𝑔𝑒𝑟

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑣𝑜𝑙𝑢𝑚𝑒𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ𝑖𝑛 𝑒𝑛𝑡𝑖𝑟𝑒 𝑚𝑖𝑐𝑟𝑜𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒
 (6) 

As shown in Figure 10(b), stringers can have different numbers of particles with different lengths. The 

stringer length here is simply determined as the direct distance between the two particles on both ends of 

the stringer. Figure 10(c)–Figure 10(j) shows collections of stringers composed of the same number of 

particles. The number of stringers, SVF, and average/maximum stringer length is also shown beside each 

panel. For the microstructure in Figure 10, the longest stringer is ~158 µm, comprising 10 particles, as 

shown in Figure 10(j). Since this maximum-length-stringer (i.e., 10 particles with ~158 µm) is located 

very close to a six-particle stringer as shown in Figure 10(b), the maximum stringer length may appear to 

be much more than ~158 µm if the lengths of the two stringers are added. However, from the strict 

application of the criterion in Equations (𝜃 ≤ 10° (4) and (𝑑 ≤ 5 ∗ (𝑟1 + 𝑟2) (5), these two 

stringers are determined to be separate ones. Note that, in this study, the maximum length of stringers is 

determined by application of the criterion rather than by visual inspection which may be subjective.  
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The effects of microstructural features on stringer evolution during rolling are summarized/plotted in 

Figure 11–Figure 14. The results in these figures represent the average values and deviations of five 

models that have the same microstructural features. Figure 11 and Figure 12 show the evolution of total 

SVF with the increase of rolling reduction for different microstructural features. The volume fractions of 

two-, three-, and four-particle stringers are also plotted as additional information. In Figure 11, the SVFs 

for the microstructures with random particle distributions remain generally the same (for circular 

particles) or increase only slightly (for elliptical particles) with the increase of rolling reduction. For the 

microstructures with elliptical particles, as in Figure 11(d) through Figure 11(f), the particles with high 

aspect ratios may rotate during the rolling process, and their major axes tend to be aligned along the 

rolling direction, which increases their chances of being identified as stringers based on the adopted 

criterion, due to the shorter distance between the neighboring particles. Note that the rotation of circular 

particles does not affect their chances of being identified as stringers. For lower PVF (e.g., 0.5%), a large 

rolling reduction (e.g., 80%) can increase the horizontal spaces between the particles, and therefore, some 

particles identified as stringers at 40% rolling reduction may not meet the stringer criterion at 80% rolling 

reduction, which leads to a decrease in SVF, as in Figure 11(a). However, for higher PVF with many 

particles, particles that were not identified as stringers at lower rolling reduction may newly fill in the 

longer horizontal spaces between the particles as the rolling reduction increases. This can form new 

stringers despite the disappearance of other stringers, and leads to the constant SVF for higher PVF. In 

Figure 12, the SVFs for the microstructures with particle distributions along grain boundaries are initially 

similar to those for random particle distributions before rolling, and then substantially increase with 

rolling reduction: by ~50% and ~100% with the 40% and 80% rolling reductions, respectively. This is 

because particles along grain boundaries are closer to one another than randomly distributed particles, and 

will potentially constitute stringers when the grain boundaries are rotated and aligned along the rolling 

direction as the rolling reduction increases. For the same reason mentioned above, the SVFs for elliptical 

particles in Figure 12(d) –Figure 12(f) are slightly larger than those for circular particles in Figure 12(a)–

Figure 12(c): 5~10% larger for the 40~80% rolling reduction. Note that the rate of increase (i.e., 

increment of SVF(%)/increment of rolling reduction(%)) depends on the PVF such that the rate of 

increase becomes higher as the PVF increases: ~0.1, ~0.2, and ~0.4 for 0.5%, 1.0%, and 2.0% PVF, 

respectively.  

Figure 13 and Figure 14 show the evolution of maximum stringer length with increased rolling reduction 

for different microstructural features. Average lengths of two-, three-, and four-particle-stringers are also 

plotted. In the figures, the averaged maximum stringer length (i.e., black curves) generally have large 

deviations, which indicates the scatteredness of maximum stringer length data. Note that, for one 

microstructure, its longest stringer can be changed from one to another with rolling, and therefore the 

maximum stringer length of a microstructure can vary up and down even with increased rolling reduction. 

For example, while the longest stringer in the 40% rolled microstructure shown in Figure Figure 10 is 

~158 µm, the new longest stinger after 80% rolling is found to be ~138 µm, comprising 7 particles, which 

is different from the ~158 µm-length and 10-particle stringer at 40% rolling. However, the curves for 

maximum stringer length still show some noticeable trends in the effects of microstructural features. For a 

microstructure with random particle distribution as in Figure 13, the maximum stringer lengths for 

elliptical particles are a little longer than those for circular particles. For a reason similar to the case of 

SVF, elliptical particles are more likely to constitute longer stringers than circular particles. Also, in 

Figure 13, the maximum stringer length appears to increase slightly with increased rolling reduction. 

However, this trend is not very clear. For a microstructure with particles distributed along grain 

boundaries as in Figure 14, the maximum stringer lengths are similar to those for random particle 

distributions before rolling, and then tend to increase with increased rolling reduction. This tendency of 

increasing with rolling reduction is more prominent in the microstructures with elliptical particles in 

Figure 14(d)–Figure 14(f) than in those with circular particles. It can be found from overall observations 

that, for elliptical particles along grain boundaries, the maximum stringer length increases substantially 

with increased rolling reduction, whereas for all other microstructural features (i.e., circular or elliptical 
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particles distributed randomly, or circular particles distributed along grain boundaries), the increase of 

maximum stringer length with rolling reduction is not very significant.   
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Figure 10. Example of stringer analysis. 
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                (a)                                                                        (d) 

              
                                                (b)                                                                       (e) 

              
                                                (c)                                                                       (f) 

Figure 11. SVFs for random particle distributions: (a), (b), (c) circular particles with 0.5%, 1.0%, and 

2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 2.0% PVF, 

respectively.   
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                (a)                                                                        (d) 

              
                                                (b)                                                                       (e) 

              
                                                (c)                                                                       (f) 

Figure 12. SVFs for particle distribution along grain boundaries: (a), (b), (c) circular particles with 0.5%, 

1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 2.0% 

PVF, respectively.   
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                (a)                                                                        (d) 

              
                                                (b)                                                                       (e) 

              
                                                (c)                                                                       (f) 

Figure 13. Maximum stringer length for random particle distributions: (a), (b), (c) circular particles with 

0.5%, 1.0%, and 2.0% PVF, respectively; (d), (e), (f) elliptical particles with 0.5%, 1.0%, and 

2.0% PVF, respectively.   
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                (a)                                                                        (d) 

              
                                                (b)                                                                       (e) 

              
                                                (c)                                                                       (f) 

Figure 14. Maximum stringer length for particle distribution along grain boundaries: (a), (b), (c) circular 

particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical particles with 

0.5%, 1.0%, and 2.0% PVF, respectively.   
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3.1.2 Effect of Particle Aspect Ratio on Stringer Evolution 

The previous section showed that the maximum stringer length increases substantially with increased 

rolling reduction for distributions of elliptical particles along grain boundaries. Therefore, the effects of 

aspect ratio of elliptical particles on the maximum stringer length were studied. Five new microstructures 

with higher-aspect-ratio (i.e., 1~4) elliptical particles distributed along grain boundaries were generated. 

Here, the aspect ratio 1~4 was selected considering whether the elliptical particles in the generated 

microstructures have reasonable shapes. Note that, with aspect ratio larger than 4, ellipses tend to be 

spread across several pixels or touch each other, which may render the results of image processing 

distorted from reality. 

Figure 15 shows a comparison of a previous microstructure with a new microstructure with higher-aspect-

ratio elliptical particles, which makes some elliptical particles in the new microstructure very thin and 

long. Stringer analysis was performed with these new microstructures. The results for SVF and maximum 

stringer length were compared with those of lower-aspect-ratio elliptical particles. Figure 16 compares the 

SVFs of the microstructures with lower- and higher-aspect-ratio elliptical particles. For the 

microstructures with higher-aspect-ratio elliptical particles, the SVF increases a little faster with rolling 

reduction than that for lower-aspect-ratio elliptical particles, and therefore is larger for all rolling 

reductions (i.e., 40% and 80%). Note that higher-aspect-ratio elliptical particles have a greater chance of 

being identified as stringers with increased rolling reduction. Figure 17 compares the maximum stringer 

lengths of the microstructures with lower- and higher-aspect-ratio elliptical particles. For the 

microstructures with higher-aspect-ratio elliptical particles, though their maximum stringer length shows 

a large deviation, the average value is much larger than those for microstructures with lower-aspect-ratio 

elliptical particles for all conditions (i.e., the initial condition and the 40% and 80% rolling reductions). 

The results from the stringer analysis in Figure 11–Figure 14 and Figure 16–Figure 17 suggest that, in an 

actual microstructure, as the particle shapes become more elongated and more particles are located along 

grain boundaries, that microstructure can have larger SVF and greater maximum stringer length with 

increases of rolling reduction.  

 

    
         (a)                                                                            (b) 

Figure 15. Examples of synthetic microstructures with different aspect ratios for elliptical particles: (a) 

aspect ratio of 1~2 and (b) aspect ratio of 1~4. 



 

20 

              
                (a)                                                                        (b) 

Figure 16. SVF for particle distributions along grain boundaries: elliptical particles with aspect ratios of 

(a) 1~2 and (b) 1~4. 

              
                (a)                                                                        (b) 

Figure 17. Maximum stringer length for particle distributions along grain boundaries: elliptical particles 

with aspect ratios of (a) 1~2 and (b) 1~4. 
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3.2 Near-Surface Particle Distribution during Hot Rolling 

Because carbide particles near the surface can influence the fuel quality and stability, the evolution of 

particle distributions near the surface was investigated. As a preliminary approach, the number of 

particles and the PVF near the surface during hot rolling were analyzed. Figure 18 presents a way to 

obtain the near-surface particle information. As shown in the figure, a depth of 70 µm from the surface 

was arbitrarily selected to represent near-surface depth, and the same value was used in the deformed 

microstructures after 40% and 80% rolling reductions. The calculations were performed for both the top 

and bottom surfaces of all the generated microstructures. For random particle distributions, a distinction is 

not necessary between the top and bottom surfaces, and the results are based on the average of ten 

top/bottom near-surface information from five models with the same microstructural features. For particle 

distribution along grain boundaries, the top and bottom surfaces have different grain-boundary features as 

shown in Figure 18(b), and the two separate results (i.e., top and bottom) were obtained based on the 

averages of top and bottom near-surface information from five models. Since the results are quite similar 

with no noticeable difference between the microstructures with circular particles and those with elliptical 

particles, only the results for the circular particles are presented in this section.  

Figure 19 shows the results for the evolutions of number of particles and PVF near the surface during 

rolling reduction. Figure 19(a)–Figure 19(c) show the evolution of the near-surface number of particles 

with increased rolling reduction for the three different overall PVF models (0.5%, 1.0%, 2.0% PVF). The 

total numbers of particles within the microstructure, which should remain almost constant as presented, 

are also plotted in the figures as a reference. However, the near-surface number of particles increases with 

rolling reduction: because the same depth (i.e., 70 µm) value was adopted in calculating the near-surface 

information for before and after rolling, more of the particles lie within 70 µm depth from the surface 

although the total thickness has decreased. Interestingly, for all overall PVFs (i.e., 0.5%, 1.0%, and 2.0%), 

the near-surface number of particles increases by ~80% and ~550% with the 40% and 80% rolling 

reductions, respectively. Figure 20 shows the evolutions of number of particles at the surface during 

rolling for the microstructures with circular and elliptical particles. Here, only particles touching the 

surface are counted as surface particles, regardless of size. As shown in the figure, the number of particles 

at the surface increases with the increase of rolling reduction and PVF. In counting the number of 

particles at the surface, a new criterion may need to be developed that considers the particle size and its 

depth below the surface, because any large particle below the surface may have more substantial 

interaction with the surface than small particles exposed on the surface have. 

Figure 19(d)–Figure 19(f) show the evolution of near-surface PVF with increased rolling reduction for the 

three different overall PVF models. Total PVFs within the microstructures (i.e., black curves) are also 

plotted in the figures. As with the total number of particles within the microstructures shown in Figure 

19(a)–Figure 19(c), the total PVF should also remain almost constant with increased rolling reduction, 

because the materials in this study are considered incompressible. However, in Figure 19(d)–Figure 19(f), 

the total PVF increases by ~5% and ~15% from the initial PVF with the 40% and 80% rolling reductions, 

respectively. This is probably due to a slight increase of PVF that may have been introduced in error 

during the remeshing process after each rolling simulation. Therefore, the results in Figure 19(d)–Figure 

19(f) are to be analyzed with these errors considered, and the actual near-surface PVF values (i.e., red and 

blue curves) for 40% and 80% rolling reductions are to be slightly decreased from those presented in the 

figures. From the figures, the near-surface PVF prior to rolling may be different from (usually lower than) 

the given overall PVF. However, the near-surface PVF changes (usually increases slightly) and 

approaches the given overall PVF with increased rolling reduction. In order to accurately calculate the 

near-surface information, a new remeshing code needs to be developed that does not change the overall 

PVF. Near-surface SVF would also be interesting to investigate in future work.  
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                                                                            (a) 

 
                                                                            (b) 

Figure 18. Schematics for near-surface particle information: (a) model for random particle distribution; 

(b) model for particle distribution along grain boundaries.  
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                                              (a)                                                                              (d) 

                 
                                              (b)                                                                              (e) 

                 
                                              (c)                                                                               (f) 

Figure 19. Evolution of near-surface number of particles and PVF during rolling: (a), (b), (c) number of 

near-surface particles for 0.5%, 1.0%, and 2.0% PVF models, respectively; (d), (e), (f) near-

surface PVF for 0.5%, 1.0%, and 2.0% PVF models, respectively.  
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                                (a)                                                                               (d) 

                  
                               (b)                                                                                (e) 

                    
                              (c)                                                                                  (f) 

Figure 20. Evolution of number of particles at the surface during rolling: (a), (b), (c) number of particles 

on the surface for the microstructures with circular particles with 0.5%, 1.0%, and 2.0% PVF, 

respectively; (d), (e), (f) number of particles at the surface for the microstructures with 

elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively.



 

25 

4.0 Conclusions 

The influence of initial carbide particle distribution features on the evolution of particle and stringer 

distribution within U-10Mo alloy during hot rolling was investigated in this study. Various synthetic 

microstructure-based FE models were generated with consideration of different parameters: (1) particle 

shapes (circular and elliptical), (2) particle volume faction (PVF) (0.5, 1.0, and 2.0 %), and (3) particle 

distributions (random and along grain boundaries). Plane-strain compression loading was applied to the 

FE models to simulate the hot rolling process to 40% and 80% reductions. Stringer statistics analyses and 

two-point correlation functions (2PCF) were then performed with the simulation results. Some key results 

from the stringer statistics analyses are summarized below, and the results from the 2PCF are in Appendix 

section.  

1. With increased rolling reduction, the SVF generally remains the same for microstructures with 

random particle distributions and substantially increases for particle distributions along grain 

boundaries: by ~50% and ~100% with the 40% and 80% rolling reductions, respectively. Here, the 

rate of increase of the SVF (i.e., increment of SVF(%)/increment of rolling reduction(%)) can be 

higher for higher PVF. For 0.5%, 1.0%, and 2.0% PVF, the rate of increase of the SVF was calculated 

as ~0.1, ~0.2, and ~0.4, respectively. 

2. SVF for microstructures with elliptical particles can be slightly higher (about 5~10% higher for the 

40~80% rolling reduction) than for those with circular particles. 

3. Maximum stringer length can be higher for higher PVF. Maximum stringer length substantially 

increases with increased rolling reduction (by about 30~50% for the 40~80% rolling reduction) for 

the microstructures with elliptical particles along grain boundaries. For other microstructural features 

(i.e., random particle distribution with circular/elliptical particles, and particle distribution along grain 

boundaries with circular particles), the increase of maximum stringer length with the rolling reduction 

is less significant (by about 5~30% for the 40~80% rolling reduction). 

4. The SVF and maximum stringer length can become larger as the aspect ratio of the elliptical particles 

increases. 

5. The number of near-surface particles increases by ~80% and ~550% with the 40% and 80% rolling 

reductions, respectively.  

6. Near-surface PVF prior to rolling may be different from the given overall PVF. With increased 

rolling reduction, it can change slightly and approach the given overall PVF.  

Based on the developed synthetic microstructures, cold rolling simulations after 80% hot rolling reduction 

are currently underway. Particle evolutions and fractures after cold rolling will be investigated as future 

work.  
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Appendix A 

 

Two-Point Correlation Functions 

The 2PCF is defined in this section. The 2PCF method is one of the most important statistical descriptors 

of microstructure for heterogeneous materials [20, 23]. For a two-phase material, the 2PCF is defined as 

 
( ) ( ) ( )
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 (7) 

where i  denotes the two phases ( 1,2i  ), x1 and x2 are two randomly chosen points, ( )( )iI x  is an 

indicator function, and the angular brackets  denote ensemble averaging over the random medium. 

The indicator function  is defined as 
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where 
iV  represents the region of phase i  and iV is the region occupied by the other phase.  

For the specific application in this study, the 2PCF is calculated to quantify the spatial distribution of 

carbides. Consider a vector 
r  = (r, θ) with length r and angle θ randomly thrown into the microstructure 

as in Figure 21. The 2PCF in this study records the occurrence when the two ends (
ix  and

i

x r ) of the 

vector r land inside two different carbide particles using the following expression: 
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Figure 21. A vector r with length r and angle θ in a microstructure domain. 
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In Figure 21, the microstructure domains are elongated along the horizontal direction by rolling, yielding 

increased horizontal distance between particles after thickness reduction. Along the thickness direction, 

the domains are compressed by rolling, and the particles become vertically much closer to each other. In 

this study, the 2PCFs of the microstructures are only calculated on horizontal and vertical directions. To 

have sufficient data, the vertical direction is defined as a range of 15° around θ = 90°, and the horizontal 

direction is defined as a range of 15° around θ = 0°. Here, the remeshed microstructure data after 40% 

and 80% rolling reductions (i.e., 1967 × 532 pixels and 5785 × 178 pixels, respectively) were used for 

these calculations.  

Figure 22–Figure 25 show the calculated 2PCFs of the models with different microstructural features for 

horizontal (i.e., rolling) and vertical (i.e., normal) directions as the rolling reduction increases. Each figure 

shows the evolution of the 2PCF of two models with the same microstructural features. For example, the 

solid curves represent the evolution of the functions for one microstructure, whereas the dotted curves 

represent those of the other microstructure. The figures here are not to show the calculated absolute 

values of the 2PCF, but to show the shape evolution of the functions with the increase of rolling 

reduction. Therefore, the curves in the figures were shifted along the vertical axis in order to avoid 

overlap of the curves and then to compare the curve shapes.  

For the vertical direction, as in Figure 23 and Figure 25, the 2PCF curves shrink in the direction of the r 

axis as the rolling reduction increases. For example, see the red curves in Figure 23 and Figure 25. Their 

limited extent in the direction of the r axis implies that the domain of analysis is reduced due to the 

thickness reduction. For a similar reason, along the horizontal direction, the 2PCF curves expand in the 

direction of the r axis with the increase of rolling reduction, although this expansion is not presented in 

Figure 22 and Figure 24. These expansions result from the elongation of the domain in the horizontal 

direction. A detailed analysis on the evolution of peaks of the 2PCF curves with the progressive increase 

of rolling reduction from 0% to 60% can be found in a previous report [20]. The evolution of peaks is not 

to be traced in this study, as the amount of rolling reduction at a time is rather large (i.e., 40%).  

The influence of different microstructural features on their 2PCF curves is of more interest in this study. 

First, in Figure 22–Figure 25, the graphs in the left column (for circular particles) can be compared with 

the corresponding graphs in the right column (for elliptical particles) to examine the influence of particle 

shape. Note that, as mentioned above, the microstructures with elliptical particles have exactly the same 

particle distribution (i.e., location) as that of the corresponding microstructures with circular particles (see 

Figure 5 and Figure 6). Therefore, as compared in the figures, overall curve shapes for the microstructures 

with circular particles are quite similar to those with elliptical particles. In general, they only differ 

slightly in the values of peaks and valleys of the curves. This slight difference is considered to be the 

effect of particle shape; it can also depend on the aspect ratio of the elliptical particles. Second, as the 

PVF increases, the values of 2PCF increase due to the greater chance that the two ends of the vector r in 
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 r x x r  (9) land inside two different particles. Also, for the 

higher PVF, the curves tend to show more peaks in general and to have higher peaks at short distance. 

Third, from comparison of Figure 22 and Figure 24, it can be seen that the curves for microstructures with 

particles distributed along grain boundaries tend to show higher peaks at short distance, which then 

gradually decrease as the distance increases. Note that, for the microstructures with particle distributions 

along grain boundaries, the particles are more likely to have neighboring particles nearby along the grain 

boundary (especially for the microstructures with higher PVF) than microstructures with random particle 

distributions. 

Key results from the 2PCF are summarized below. 
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1. Overall shapes of the 2PCF curves are quite similar in the microstructures with circular and elliptical 

particles. They only differ in the values of peaks and valleys of the curves, which is an effect of 

particle shape. 

2. For higher PVF, the 2PCF curves tend to show more peaks and to have higher peaks at short distance. 

The values of correlation curves are also higher for higher PVF. 

3. The 2PCF curves for the microstructures with particle distributions along grain boundaries tend to 

show higher peaks at short distance than those for random particle distributions, which then gradually 

decrease as the distance increases. 
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        (a)                                                                                (d) 

              
                                        (b)                                                                                (e) 

              
                                        (c)                                                                                 (f) 

Figure 22. 2PCF curves in the rolling (θ = 0°) direction for random particle distributions: (a), (b), (c) 

circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical 

particles with 0.5%, 1.0%, and 2.0% PVF, respectively. 
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        (a)                                                                                (d) 

              
                                        (b)                                                                                (e) 

              
                                        (c)                                                                                 (f) 

Figure 23. 2PCF curves in the normal (θ = 90°) direction for random particle distributions: (a), (b), (c) 

circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) elliptical 

particles with 0.5%, 1.0%, and 2.0% PVF, respectively.  



 

33 

              
        (a)                                                                                (d) 

              
                                        (b)                                                                                (e) 

              
                                        (c)                                                                                 (f) 

Figure 24. 2PCF curves in the rolling (θ = 0°) direction for particle distributions along grain boundaries: 

(a), (b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and (d), (e), (f) 

elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively.  
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        (a)                                                                                (d) 

              
                                        (b)                                                                                (e) 

              
                                        (c)                                                                                 (f) 

Figure 25. 2PCF curves in the normal (θ = 90°) direction for particle distributions along grain 

boundaries: (a), (b), (c) circular particles with 0.5%, 1.0%, and 2.0% PVF, respectively, and 

(d), (e), (f) elliptical particles with 0.5%, 1.0%, and 2.0% PVF, respectively.  
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